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Abstract. We consider the defocusing energy-critical nonlinear Schrodinger 
equation in the exterior of a smooth compact strictly convex obstacle in three 
dimensions. For the initial-value problem with Dirichlet boundary condition 
we prove global well-poscdncss and scattering for all initial data in the energy 
space. 
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1. Introduction 

We consider the defocusing energy-critical NLS in the exterior domain Q of a 
smooth compact strictly convex obstacle in R 3 with Dirichlet boundary conditions: 

iut + Au = \u\ 4 u, 
(1.1) <u(0,x) = u o (x), 

u(t,x)\ xe9 n = 0. 

Here u : K x ft — >• C and the initial data uq(x) will only be required to belong to 
the energy space, which we will describe shortly. 

The proper interpretation of the linear Schrodinger equation with such boundary 
conditions was an early difficulty in mathematical quantum mechanics, but is now 

l 



2 



R.KILLIP, M.VISAN, AND X. ZHANG 



well understood. Let us first whisk through these matters very quickly; see [39l [55l 
156] for further information. 

We write —An for the Dirichlet Laplacian on J7. This is the unique self-adjoint 
operator acting on L 2 ( fl) associated with the closed quadratic form 

Q : -ffo(Q) -> [0,oo) via Q(f) ;= [ V/(x) • Vf(x) dx. 

Jn 

The operator — An is unbounded and positive semi-definite. All functions of this 
operator will be interpreted via the Hilbcrt-space functional calculus. In particular, 
e ttAn j g un jtary and provides the fundamental solution to the linear Schrodinger 
equation iut + Aqm = 0, even when the naive notion of the boundary condition 
u(t, x)\ X £qq = no longer makes sense. 

We now define the natural family of homogeneous Sobolev spaces associated to 
the operator —An via the functional calculus: 

Definition 1.1 (Sobolev spaces). For s > and 1 < p < 00, let H^ p (fl) denote 
the completion of (fi) with respect to the norm 

WfWupw ■= ll(-An) s/2 /ll^(o). 
Omission of the index p indicates p = 2. 

For p = 2 and s = 1, this coincides exactly with the definition of Hq(H). For 
other values of parameters, the definition of Hp P (£l) deviates quite sharply from 
the classical definitions of Sobolev spaces on domains, such as H s ' p (£l), HQ P (fl), 
and the Lions-Magenes spaces Hqq(£1). Recall that all of these spaces are defined 
via the Laplacian in the whole space and its fractional powers. 

For bounded domains O C K d , the relation of H S jf(0) to the classical Sobolev 
spaces has been thoroughly investigated. See, for instance, the review [50] and the 
references therein. The case of exterior domains is much less understood; moreover, 
new subtleties appear. For example, for bounded domains H^j p (0) is equivalent to 
the completion of C^°(0) in the space H 1 - p (M d ). However, this is no longer true in 
the case of exterior domains; indeed, it was observed in [51] that this equivalence 
fails for p > 3 in the exterior of the unit ball in R 3 , even in the case of spherically 
symmetric functions. 

As the reader will quickly appreciate, little can be said about the problem 
without some fairly thorough understanding of the mapping properties of functions 
of — Aq and of the Sobolev spaces H^ p (fl), in particular. The analogue of the 
Mikhlin multiplier theorem is known for this operator and it is possible to develop 
a Littlewood-Paley theory on this basis; see [37l HQ] for further discussion. To 
obtain nonlinear estimates, such as product and chain rules in Hp P (Q), we use 
the main result of 50J , which we record as Theorem 12.31 below. By proving an 
equivalence between H S jf (Q) and the classical Sobolev spaces (for a restricted range 
of exponents), Theorem 12.31 allows us to import such nonlinear estimates directly 
from the Euclidean setting. 

After this slight detour, let us return to the question of the proper interpretation 
of a solution to (|f .![) and the energy space. For the linear Schrodinger equation with 
Dirichlet boundary conditions, the energy space is the domain of the quadratic form 
associated to the Dirichlet Laplacian, namely, Hj^ifl). For the nonlinear problem 
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(jl.lj) . the energy space is again H^^fl) and the energy functional is given by 

(1.2) E{u{t)):= [ \\\7u{t,x)\ 2 + \\u{t,x)\ 6 dx. 

Jn 

Note that the second summand here, which is known as the potential energy, does 
not alter the energy space by virtue of Sobolev embedding, more precisely, the 
embedding ^ L 6 (ft). 

The PDE (|1.1[) is the natural Hamiltonian flow associated with the energy func- 
tional (|1.2I) . Correspondingly, one would expect this energy to be conserved by the 
flow. This is indeed the case, provided we restrict ourselves to a proper notion of 
solution. 

Definition 1.2 (Solution). Let J be a time interval containing the origin. A 
function u : I x £1 — >• C is called a (strong) solution to (|1.1[) if it lies in the class 
C t {I'; H})(Cl)) n L^Ll°(r x Q) for every compact subinterval I' Q I and it satisfies 
the Duhamcl formula 

(1.3) u{t) =e ltA °u ~i f e*- s } An Ks)|Vs)ds, 

Jo 

for all tel. 

For brevity we will sometimes refer to such functions as solutions to NLSn . It is 
not difficult to verify that strong solutions conserve energy. 

We now have sufficient preliminaries to state the main result of this paper. 

Theorem 1.3. Let u G H^(fl). Then there exists a unique strong solution u to 
(|1.1[) which is global in time and satisfies 

(1.4) [[ \u{t,x)\ w dxdt <C(E(u)). 

Moreover, u scatters in both time directions, that is, there exist asymptotic states 
u± G Hp(Q) such that 

\\u(t) - e ltAn u ± \\ A i oin) -> as t ±oo. 

There is much to be said in order to give a proper context for this result. In 
particular, we would like to discuss the defocusing NLS in R 3 with general power 
nonlinearity: 

(1.5) iut + Au = \u\ p u. 

A key indicator for the local behaviour of solutions to this equation is the scaling 
symmetry 

(1.6) u{t, x) i — ^ u A (i, x) := \?u{\ 2 t, \x) for any A > 0, 

which leaves the class of solutions to (|1.5I) invariant. Notice that when p = 4 this 
rescaling also preserves the energy associated with (|1.5[) . namely, 



E(u(t)) = 




For this reason, the quintic NLS in three spatial dimensions is termed energy- 
critical. The energy is the highest regularity conservation law that is known for 
NLS; this has major consequences for the local and global theories for this equation 
when p > 4. When p > 4, the equation is ill-posed in the energy space; see [16] . 
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For p — 4, which is the focus of this paper, well-posedness in the energy space is 
delicate, as will be discussed below. 

For < p < 4, the equation is called energy-subcritical. Indeed, the energy 
strongly suppresses the short-scale behaviour of solutions, as can be read-off from 
its transformation under the rescaling (jl.6l) : 



Accordingly, it is not very difficult to prove local well-posedness for initial data 
in i? 1 (M 3 ). This follows by contraction mapping in Strichartz spaces and yields 
a local existence time that depends on the LL\ norm of the initial data. Using 
the conservation of mass (— i^-norm) and energy, global well-posedness follows 
immediately by iteration. Notice that this procedure gives almost no information 
about the long-time behaviour of the solution. 

The argument just described does not extend to p = 4. In this case, the local 
existence time cannot depend solely on the energy, which is a scale-invariant quan- 
tity. Nevertheless, a different form of local well-posedness was proved by Cazenave 
and Weissler [T31 [TS] , in which the local existence time depends upon the profile of 
the initial data, rather than solely on its norm. Therefore, the iteration procedure 
described above cannot be used to deduce global existence. In fact, as the energy 
is the highest regularity conservation law that is known, global existence is non- 
trivial even for Schwartz initial data. In [141 115) , the time of existence is shown 
to be positive via the monotone convergence theorem; on the basis of subsequent 
developments, we now understand that this time is determined by the spread of 
energy on the Fourier side. In the case of the focusing equation, the existence time 
obtained in these arguments is not fictitious; there are solutions with a fixed energy 
that blow up arbitrarily quickly. 

The Cazenave- Weissler arguments also yield global well-posedness and scattering 
for initial data with small energy, for both the focusing and defocusing equations. 
Indeed, in this regime the nonlinearity can be treated perturbatively. 

The first key breakthrough for the treatment of the large-data energy-critical 
NLS was the paper [8] , which proved global well-posedness and scattering for spher- 
ically symmetric solutions in R 3 and R 4 . This paper introduced the induction on 
energy argument, which has subsequently become extremely influential in the treat- 
ment of dispersive equations at the critical regularity. We will also be using this 
argument, so we postpone a further description until later. The induction on energy 
method was further advanced by Colliander, Keel, Staffilani, Takaoka, and Tao in 
their proof [19] of global well-posedness and scattering for the quintic NLS in M 3 , 
for all initial data in the energy space. This result, which is the direct analogue of 
Theorem 1 1.31 for NLS in the whole space, will play a key role in the analysis of this 
paper. Let us state it explicitly: 

Theorem 1.4 (|19j). Let uq G i/ 1 (IR 3 ). Then there exists a unique strong solution 
u to the quintic NLS in K 3 which is global in time and satisfies 



Moreover, u scatters in both time directions, that is, there exist asymptotic states 
u± £ H 1 ^ 3 ) such that 



E(u x ) = \p~ l E{u). 




\\u(t)-e 



,itA B 3 



— > as t ±oo. 
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We will also be employing the induction on energy argument, but in the style 
pioneered by Kenig and Merle [41]. The main result of this paper of Kcnig and 
Merle was the proof of global well-posedness and scattering for the focusing energy- 
critical equation and data smaller than the soliton threshold. This result was for 
spherically symmetric data and dimensions 3 < d < 5; currently, the analogous 
result for general data is only known in dimensions five and higher |46] . The proof 
of Theorem 1 1 .41 was revisited within this framework in [48) . which also incorporates 
innovations of Dodson [3T] . 

Let us now turn our attention to the problem of NLS on exterior domains. This 
is a very popular and challenging family of problems. While we will discuss many 
contributions below, to get a proper sense of the effort expended in this direction 
one should also consult the many references therein. In the Euclidean setting, the 
problem is invariant under space translations; this means that one may employ the 
full power of harmonic analytic tools. Indeed, much of the recent surge of progress 
in the analysis of dispersive equations is based on the incorporation of this powerful 
technology. Working on exterior domains breaks space translation invariance and 
so many of the tools that one could rely on in the Euclidean setting. The compan- 
ion paper 50 allows us to transfer many basic harmonic analytic results from the 
Euclidean setting to that of exterior domains. Many more subtle results, partic- 
ularly related to the long-time behaviour of the propagator, require a completely 
new analysis; we will discuss examples of this below. 

Working on exterior domains also destroys the scaling symmetry. Due to the 
presence of a boundary, suitable scaling and space translations lead to the study of 
NLS in different geometries. While equations with broken symmetries have been 
analyzed before, the boundary causes the geometric changes in this paper to be of 
a more severe nature than those treated previously. An additional new difficulty is 
that we must proceed without a dispersive estimate, which is currently unknown 
in this setting. 

Before we delve into the difficulties of the energy-critical problem in exterior 
domains, let us first discuss the energy-subcritical case. The principal difficulty 
in this case has been to obtain Strichartz estimates (cf. Theorem 12.81) . The first 
results in this direction hold equally well in interior and exterior domains. There is 
a strong parallel between compact manifolds and interior domains, so we will also 
include some works focused on that case. 

For both compact manifolds and bounded domains, one cannot expect estimates 
of the same form as for the Euclidean space. Finiteness of the volume means that 
there can be no long-time dispersion of wave packets; there is simply nowhere for 
them to disperse to. Indeed, in the case of the torus M. d /7i d , solutions to the linear 
Schrodinger equation are periodic in time. Because of this, all Strichartz estimates 
must be local in time. Further, due to the existence of conjugate points for the geo- 
desic flow, high frequency waves can reconcentrate; moreover, they can do so arbi- 
trarily quickly. Correspondingly, Strichartz estimates in the finite domain/compact 
manifold setting lose derivatives relative to the Euclidean case. Nevertheless, the 
resulting Strichartz estimates are still strong enough to prove local (and so global) 
well-posedness, at least for a range of energy-subcritical nonlinearity exponents p. 
See the papers [U [5J [TU] and references therein for further information. 

For exterior domains, the obstructions just identified no longer apply, at least 
in the case of non-trapping obstacles (we do not wish to discuss resonator cavities, 
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or similar geometries) . Thus one may reasonably expect all Strichartz estimates to 
hold, just as in the Euclidean case. There are many positive results in this direction, 
as will be discussed below; however, the full answer remains unknown, even for the 
exterior of a convex obstacle (for which there are no conjugate points). 

In the Euclidean case, the explicit form of the propagator guarantees the follow- 
ing dispersive estimate: 

(1.7) Ue^/IUoo^) < |tr%||z,i (R «), for all t^O. 

This and the unitary of the propagator on L 2 (M. d ) are all that is required to obtain 
all known Strichartz estimates. For the basic estimates the argument is elementary; 
see, for example, [23]- The endpoint cases and exotic retarded estimates are more 
delicate; see [HISIIM]- 

It is currently unknown whether or not the dispersive estimate holds outside a 
convex obstacle, indeed, even for the exterior of a sphere. The only positive result 
in this direction belongs to Li, Smith, and Zhang, [ST], who prove the dispersive 
estimate for spherically symmetric functions in the exterior of a sphere in R 3 . Re- 
lying on this dispersive estimate and employing an argument of Bourgain [5J and 
Tao [65j , these authors proved Theorem 11.31 for spherically symmetric initial data 
when f2 is the exterior of a sphere in R 3 . 

In due course, we will explain how the lack of a dispersive estimate outside 
convex obstacles is one of the major hurdles we needed to overcome in order to 
prove Theorem 11.31 Note that the dispersive estimate will not hold outside a 
generic non-trapping obstacle, since concave portions of the boundary can act as 
mirrors and refocus wave packets. 

Even though the question of dispersive estimates outside convex obstacles is 
open, global in time Strichartz estimates are known to hold. Indeed, in [36], 
Ivanovici proves all classical Strichartz estimates except the endpoint cases. Her 
result will be crucial in what follows and is reproduced below as Theorem l2.8l We 
also draw the reader's attention to the related papers pi [6l HTI [27l [54l [58l [64l [67] . 
as well as the references therein. 

The key input for the proof of Strichartz estimates in exterior domains is the local 
smoothing estimate; one variant is given as Lemma l2.13l b elow . In the Euclidean 
setting, this result can be proved via harmonic analysis methods (cf. [2U1 I521 |6"B] V 
For the exterior of a convex obstacle, the usual approach is the method of positive 
commutators, which connects it to both Kato smoothing (cf. [57] §XIII.7]) and 
the Morawetz identity; this is the argument used to prove Lemma 12 . 1 31 here . Local 
smoothing is also known to hold in the exterior of a non-trapping obstacle; see |11) . 

The local smoothing estimate guarantees that wave packets only spend a bounded 
amount of time next to the obstacle. This fact together with the fact that Strichartz 
estimates hold in the whole space can be used to reduce the problem of proving 
Strichartz inequalities to the local behaviour near the obstacle, locally in time. Us- 
ing this argument, Strichartz estimates have been proved for merely non-trapping 
obstacles; for further discussion see [51 fTTT 1551 [Ml 153] . 

While both local smoothing and Strichartz estimates guarantee that wave packets 
can only concentrate for a bounded amount of time, they do not guarantee that this 
period of time is one contiguous interval. In the context of a large-data nonlinear 
problem, this is a severe handicap when compared to the dispersive estimate: Once 
a wave packet begins to disperse, the nonlinear effects are reduced and the evolution 
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is dominated by the linear part of the equation. If this evolution causes the wave 
packet to refocus, then nonlinear effects will become strong again. These nonlinear 
effects are very hard to control and one must fear the possibility that when the 
wave packet final breaks up again we find ourselves back at the beginning of the 
scenario we have just been describing. Such an infinite loop is inconsistent with 
scattering and global spacetime bounds. In Section [4] we will prove a new kind of 
convergence result that plays the role of a dispersive estimate in precluding such 
periodic behaviour. 

The next order of business is to describe what direct information the existing 
Strichartz estimates give us toward the proof of Theorem 1 1.31 This is how we shall 
begin the 

1.1. Outline of the proof. For small initial data, the nonlinearity can be treated 
perturbatively, provided one has the right linear estimates, of course! In this way, 
both |36j and [B] use the Strichartz inequalities they prove to obtain small energy 
global well-posedness and scattering for NLSji- Actually, there is one additional 
difficulty that we have glossed over here, namely, estimating the derivative of the 
nonlinearity. Notice that in order to commute with the free propagator, the deriv- 
ative in question must be the square root of the Dirichlet Laplacian (rather than 
simply the gradient). In [6] an LfL^ Strichartz inequality is proved, which allows 
the authors to use the equivalence of Hq and Hp . In [37] a Littlewood-Paley the- 
ory is developed, which allows the use of Besov space arguments (cf. [35] )■ Indeed, 
the paper [38] of Ivanovici and Planchon goes further, proving small data global 
well-posedness in the exterior of non-trapping obstacles. 

The main result of [50] , which is repeated as Theorem 12.31 below, allows us to 
transfer the existing local well-posedness arguments directly from the Euclidean 
case. Actually, a little care is required to ensure all exponents used lie within the 
regime where norms are equivalent; nevertheless, this can be done as documented 
in [50]. Indeed, this paper shows that our problem enjoys a strong form of con- 
tinuous dependence, known under the rubric 'stability theory'; see Theorem 12.91 
Colloquially, this says that every function that almost solves and has bounded 
spacetime norm lies very close to an actual solution to This is an essential 

ingredient in any induction on energy argument. 

All the results just discussed are perturbative, in particular, they are blind to 
the sign of the nonlinearity. As blowup can occur for the focusing problem, any 
large-data global theory must incorporate some deeply nonlinear ingredient which 
captures the dynamical effects of the sign of the nonlinearity. At present, the only 
candidates for this role are the identities of Morawetz/virial type and their multi- 
particle (or interaction) counterparts. 

Historically, the Morawetz identity was first introduced for the linear wave equa- 
tion and soon found application in proving energy decay in exterior domain prob- 
lems and in the study of the nonlinear wave equation; see [53] . As noticed first by 
Struwe, this type of tool also provides the key non-concentration result to prove 
global well-posedness for the energy-critical wave equation in Euclidean spaces. 
See the book [61] for further discussion and complete references. More recently, 
this result (plus scattering) has been shown to hold outside convex obstacles [63] 
and (without scattering) in interior domains |12| . In both instances, the Morawetz 
identity provides the crucial non-concentration result. 
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There is a significant difference between the Morawetz identities for the nonlinear 
wave equation and the nonlinear Schrodinger equation, which explains why the 
solution of the well-posedness problem for the energy-critical NLS did not follow 
closely on the heels of that for the wave equation: scaling. In the wave equation 
case, the Morawetz identity has energy-critical scaling. This ensures that the right- 
hand side of the inequality can be controlled in terms of the energy alone; it also 
underscores why it can be used to guarantee non-concentration of solutions. 

The basic Morawetz inequality for solutions u to the defocusing quintic NLS in 
M 3 (see [55]) reads as follows: 

d f x „ T , , , ., , f 8\u\ 6 , 

— / — • 2lm\u(t,x)Vu(t,x)\ dx > / -y-y- dx. 

dt J R 3 \x\ ' ' J R3 3|x| 

The utility of this inequality is best seen by integrating both sides over some time 
interval J; together with Cauchy-Schwarz, this leads directly to 

f f M 6 

(1-8) / / -r- r dxdt < \\u\\ L °° l2(Ixtblz)\\Vu\\ l °° l %(IxW. s )- 

JiJr 3 Fl 

Obviously the right-hand side cannot be controlled solely by the energy; indeed, 
the inequality has the scaling of H 1 ^ 2 . Nevertheless, the right-hand side can be 
controlled by the conservation of both mass and energy; this was one of the key 
ingredients in the proof of scattering for the inter-critical problem (i.e. | < p < 4) 
in [24]. However, at both the mass-critical endpoint p = | and energy-critical 
endpoint p — 4, solutions can undergo dramatic changes of scale without causing 
the mass or energy to diverge. In particular, by simply rescaling an energy-critical 
solution as in (jl.6p one may make the mass as small as one wishes. 

Our comments so far have concentrated on RHS (11.8[ ). but these concerns apply 
equally well to LHS (|1.8[ ). Ultimately, the Morawetz identity together with mass and 
energy conservation are each consistent with a solution that blows up by focusing 
part of its energy at a point, even at the origin. A scenario where all of the energy 
focuses at a single point would not be consistent with the conservation of mass. 

The key innovation of Bourgain [5] was the induction on energy procedure, which 
allowed him to reduce the analysis of general solutions to NLSk3 to those which 
have a clear intrinsic characteristic length scale (at least for the middle third of 
their evolution). This length scale is time dependent. In this paper we write N(t) 
for the reciprocal of this length, which represents the characteristic frequency scale 
of the solution. The fact that the solution lives at a single scale precludes the 
scenario described in the previous paragraph. By using suitably truncated versions 
of the Morawetz identity (cf . Lemma 12.121 below) and the mass conservation law, 
Bourgain succeeded in proving not only global well-posedness for the defocusing 
energy-critical NLS in R 3 , but also global L\° x spacetime bounds for the solution. 

As noted earlier, the paper [8] treated the case of spherically symmetric solutions 
only. The general case was treated in [15], which also dramatically advanced the 
induction on energy method, including reducing treatment of the problem to the 
study of solutions that not only live at a single scale 1/N(t), but are even well 
localized in space around a single point x(t). The dispersive estimate is needed to 
prove this strong form of localization. Another key ingredient in [19] was the newly 
introduced interaction Morawetz identity; see [IS]. As documented in [19] . there 
are major hurdles to be overcome in frequency localizing this identity in the three 
dimensional setting. In particular, the double Duhamel trick is needed to handle 



ENERGY-CRITICAL NLS OUTSIDE A CONVEX OBSTACLE 



9 



one of the error terms. This relies crucially on the dispersive estimate; thus, we are 
unable to employ the interaction Morawetz identity as a tool with which to tackle 
our Theorem II. 31 

In four or more spatial dimensions, strong spatial localization is not needed 
to employ the interaction Morawetz identity. This was first observed in [591 170) . 
Building upon this, Dodson I22j has shown how the interaction Morawetz identity 
can be applied to the energy-critical problem in the exterior of a convex obstacle 
in four dimensions. He relies solely on frequency localization; one of the key tools 
that makes this possible is the long-time Strichartz estimates developed by him in 
the mass-critical Euclidean setting |21j and adapted to the energy-critical setting in 
[71] . For the three dimensional problem, these innovations do not suffice to obviate 
the need for a dispersive estimate, even in the Euclidean setting; see [48] . 

The variant of the induction on energy technique that we will use in this paper 
was introduced by Kenig and Merle in [?T|. This new approach has significantly 
streamlined the induction on energy paradigm; in particular, it has made it modular 
by completely separating the induction on energy portion from the rest of the 
argument. It has also sparked a rapid and fruitful development of the method, which 
has now been applied successfully to numerous diverse PDE problems, including 
wave maps and the Navier-Stokes system. 

Before we can discuss the new difficulties associated with implementing the in- 
duction on energy method to prove Theorem II. 3i we must first explain what it is. 
We will do so rather quickly; readers not already familiar with this technique, may 
benefit from the introduction to the subject given in the lecture notes [47] . The 
argument is by contradiction. 

Suppose Theorem 11.31 were to fail, which is to say that there is no function 
C : [0, oo) — > [0, oo) so that (| 1 .4[) holds. Then there must be some sequence of 
solutions u n : /„ x CI — > C so that E(u n ) is bounded, but Si n (u n ) diverges. Here 
we introduce the notation 

: = ff \u(t,x)\ 10 dxdt, 

which is known as the scattering size of u on the time interval I. 

By passing to a subsequence, we may assume that E{u n ) converges. Moreover, 
without loss of generality, we may assume that the limit E c is the smallest number 
that can arise as a limit of E(u n ) for solutions with Si n (u n ) diverging. This number 
is known as the critical energy. It has the following equivalent interpretation: If 

L{E) := sup{5/(w) : u : I x Q -> C such that E{u) < E}, 

where the supremum is taken over all solutions it to (jl.ip defined on some spacetime 
slab I x fl and having energy E(u) < E, then 

(1.9) L(E) < oo for E < E c and L(E) = oo for E > E c . 

(The fact that we can write E > E c here rather than merely E > E c relies on the 
stability result Theorem I2.9I ) This plays the role of the inductive hypothesis; it 
says that Theorem 11.31 is true for energies less than E c . The argument is called 
induction on energy precisely because this is then used (via an extensive argument) 
to show that L(E C ) is finite and so obtain the sought-after contradiction. 

Note that by the small-data theory mentioned earlier, we know that E c > 0. 
Indeed, in the small-data regime, one obtains very good quantitative bounds on 
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Sr(u). As one might expect given the perturbative nature of the argument, the 
bounds are comparable to those for the linear flow; see (|7.3|) . 

One would like to pass to the limit of the sequence of solutions u n to exhibit a 
solution Uao that has energy E c and infinite scattering size. Notice that by virtue of 
(|1.9[) . such a function would be a minimal energy blowup solution. This is a point 
of departure of the Kenig-Merle approach from [8, 119] . which worked with merely 
almost minimal almost blowup solutions, in essence, the sequence u n . 

Proving the existence of such a minimal energy blowup solution will be the key 
difficulty in this paper; even in the Euclidean setting it is highly non-trivial. In the 
Euclidean setting, existence was first proved by Keraani |43j for the (particularly 
difficult) mass-critical NLS; see also [3j[T3]. Existence of a minimal blowup solution 
for the Euclidean energy-critical problem was proved by Kenig-Merle [41] (see also 
[21 S2] for some ingredients), who were also the first to realize the value of this 
result for well-posedness arguments. 

Let us first describe how the construction of minimal blowup solutions pro- 
ceeds in the Euclidean setting. We will then discuss the difficulties encountered 
on exterior domains and how we overcome these. As NLSr3 has the non-compact 
symmetries of rescaling and spacetime translations, we cannot expect any subse- 
quence of the sequence u n of almost minimal almost blowup solutions to converge. 
This is a well-known dilemma in the calculus of variations and lead to the develop- 
ment of concentration compactness. In its original form, concentration compactness 
presents us with three possibilities: a subsequence converges after applying sym- 
metry operations (the desired compactness outcome) ; a subsequence splits into one 
or more bubbles (this is called dichotomy)] or the sequence is completely devoid of 
concentration (this is called vanishing). 

The vanishing scenario is easily precluded. If the solutions u n concentrate at 
no point in spacetime (at any scale), then we expect the nonlinear effects to be 
weak and so expect spacetime bounds to follow from perturbation theory and the 
Strichartz inequality (which provides spacetime bounds for linear solutions). As 
uniform spacetime bounds for the solutions u n would contradict how these were 
chosen in the first place, this rules out the vanishing scenario. Actually, this dis- 
cussion is slightly too naive; one needs to show that failure to concentrate actually 
guarantees that the linear solution has small spacetime bounds, which then allows 
us to treat the nonlinearity perturbatively. 

The tool that allows us to complete the argument just described is an inverse 
Strichartz inequality (cf. Proposition 15. 2p , which says that linear flows can only 
have non-trivial spacetime norm if they contain at least one bubble of concentra- 
tion. Applying this result inductively to the functions e z * AR3 it„(0), one finds all the 
bubbles of concentration in a subsequence of these linear solutions together with 
a remainder term. This is expressed in the form of a linear profile decomposition 
(cf. Theorem I5.6[) . Two regions of concentration are determined to be separate 
bubbles if their relative characteristic length scales diverge as n — > oo, or if their 
spatial/temporal separation diverges relative to their characteristic scale; see (|5.29[) . 

If there is only one bubble and no remainder term, then (after a little untangling) 
we find ourselves in the desired compactness regime, namely, that after applying 
symmetry operations to u n (0) we obtain a subsequence that converges strongly in 
H 1 ^ 3 ). Moreover this limit gives initial data for the needed minimal blowup solu- 
tion (cf. Theorem I7.4p . But what if we find ourselves in the unwanted dichotomy 
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scenario where there is more than one bubble? This is where the inductive hypoth- 
esis comes to the rescue, as we will now explain. 

To each profile in the linear profile decomposition, we associate a nonlinear 
profile, which is a solution to NLSj{3 . For bubbles of concentration that overlap 
time t = 0, these are simply the nonlinear solutions with initial data given by the 
bubble. For bubbles of concentration that are temporally well separated from t = 0, 
they are nonlinear solutions that have matching long-time behaviour (i.e. matching 
scattering state) . If there is more than one bubble (or a single bubble but non-zero 
remainder), all bubbles have energy strictly less than E c . (Note that energies are 
additive due to the strong separation of distinct profiles.) But then by the inductive 
hypothesis (|1.9|) . each one of the nonlinear profiles will be global in time and obey 
spacetime bounds. Adding the nonlinear profiles together (and incorporating the 
linear flow of the remainder term) we obtain an approximate solution to NLS^a 
with finite global spacetime bounds. The fact that the sum of the nonlinear profiles 
is an approximate solution relies on the separation property of the profiles (this 
is, after all, a nonlinear problem). Thus by perturbation theory, for n sufficiently 
large there is a true solution to NLS^a with initial data u n (0) and bounded global 
spacetime norms. This contradicts the criterion by which u n were chosen in the 
first place and so precludes the dichotomy scenario. 

This completes the discussion of how one proves the existence of minimal en- 
ergy blowup solutions for the energy-critical problem in the Euclidean setting. The 
argument gives slightly more, something we call (by analogy with the calculus of 
variations) a Palais-Smale condition (cf. Proposition [772]) . This says the following: 
Given an optimizing sequence of solutions for the scattering size with the energy 
converging to E e , this sequence has a convergent subsequence (modulo the symme- 
tries of the problem). Note that by the definition of E c , such optimizing sequences 
have diverging scattering size. 

Recall that one of the key discoveries of [H [19] was that it was only necessary to 
consider solutions that have a well-defined (time-dependent) location and character- 
istic length scale. Mere existence of minimal blowup solutions is not sufficient; they 
need to have this additional property in order to overcome the intrinsic limitations 
of non-scale-invariant conservation/monotonicity laws. 

Fortunately, this additional property follows neatly from the Palais-Smale con- 
dition. If u(t) is a minimal energy blowup solution and t n is a sequence of times, 
then u n (t) = u(t + t n ) is a sequence to which we may apply the Palais-Smale result. 
Thus, applying symmetry operations to u(t n ) one may find a subsequence that is 
convergent in iJ^R 3 ). This is precisely the statement that the solution u is almost 
periodic, which is to say, the orbit is cocompact modulo spatial translations and 
rescaling. This compactness guarantees that the orbit is tight in both the physical 
and Fourier variables (uniformly in time). 

Let us now turn to the problem on exterior domains. Adapting the concentration 
compactness argument to this setting will cause us a great deal of trouble. Natu- 
rally, NLS in the exterior domain f2 does not enjoy scaling or translation invariance. 
Nevertheless, both the linear and nonlinear profile decompositions must acknowl- 
edge the possibility of solutions living at any scale and in any possible location. It 
is important to realize that in certain limiting cases, these profiles obey different 
equations. Here are the three main examples: 
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• Solutions with a characteristic scale much larger than that of the obstacle evolve 
as if in M 3 . 

• Solutions very far from the obstacle (relative to there own characteristic scale) 
also evolve as if in K 3 . 

• Very narrowly concentrated solutions lying very close to the obstacle evolve as 
if in a halfspace. 

This is both an essential idea that we will develop in what follows and extremely 
naive. In each of the three scenarios just described, there are serious omissions from 
this superficial picture, as we will discuss below. 

Nevertheless, the Palais-Smale condition we obtain in this paper (see Proposi- 
tion 17. 2[) is so strong, that it proves the existence of minimal counterexamples in 
the following form: 

Theorem 1.5 (Minimal counterexamples) . Suppose Theorem failed. Then 
there exist a critical energy < E c < oo and a global solution u to with 
E{u) = E C) infinite scattering size both in the future and in the past 

S>o(u) = S< (u) = oo, 

and whose orbit {u(t) : t £ R} is precompact in Hp(£l). 

As evidence of the strength of this theorem, we note that it allows us to complete 
the proof of Theorem 1 1.31 very quickly indeed (see the last half-page of this paper). 

Induction on energy has been adapted to scenarios with broken symmetries be- 
fore and we would like to give a brief discussion of some of these works. Our efforts 
here diverge from these works in the difficulty of connecting the limiting cases to 
the original model. The lack of a dispersive estimate is a particular facet of this. 

In [49], the authors proved global well-posedness and scattering for the energy- 
critical NLS with confining or repelling quadratic potentials. The argument was 
modelled on that of Bourgain [H] and Tao [55], and correspondingly considered 
only spherically symmetric data. Radiality helps by taming the lack of translation 
invariance; the key issue was to handle the broken scaling symmetry. This problem 
has dispersive estimates, albeit only for short times in the confining (i.e. harmonic 
oscillator) case. 

In [51] , the Bourgain- Tao style of argument is adapted to spherically symmetric 
data in the exterior of a sphere in M 3 . A key part of their argument is to prove 
that a dispersive estimate holds in this setting. 

The paper [44] considers the mass-critical generalized Korteweg-de Vries equa- 
tion, using the concentration compactness variant of induction on energy. This 
paper proves a minimal counterexample theorem in the style of Theorem 11.51 Dis- 
persive estimates hold; the main obstruction was to overcome the broken Galilei 
invariance. In the limit of highly oscillatory solutions (at a fixed scale) the gKdV 
equation is shown to resemble a different equation, namely, the mass-critical NLS. 
This means that both the linear and nonlinear profile decompositions contain pro- 
files that are embeddings of solutions to the linear/nonlinear Schrddinger equations, 
carefully embedded to mimic solutions to Airy/gKdV. 

An analogous scenario arrises in the treatment of the cubic Klein-Gordon equa- 
tion in two spatial dimensions, |45j . Dispersive estimates hold for this problem. 
Here the scaling symmetry is broken and strongly non-relativistic profiles evolve 
according to the mass-critical Schrodinger equation, which also breaks the Lorentz 
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symmetry. Linear and nonlinear profile decompositions that incorporate Lorentz 
boosts were one of the novelties of this work. 

In the last two examples, the broken symmetries have led to dramatic changes in 
the equation, though the geometry has remained the same (all of Euclidean space). 
Next, we describe some instances where the geometry changes, but the equation is 
essentially the same. 

The paper |35) treats the energy-critical NLS on three-dimensional hyperbolic 
space. Theorem 11.41 is used to treat highly concentrated profiles, which are em- 
bedded in hyperbolic space using the strongly Euclidean structure at small scales. 
Some helpful ingredients in hyperbolic space are the mass gap for the Laplacian 
and its very strong dispersive and Morawetz estimates. 

More recently, dramatic progress has been made on the energy-critical problem 
on the three dimensional flat torus. Global well-posedness for small data was proved 
in [3U] and the large-data problem was treated in [33]. (See also [25] HPJ |3T] [33J for 
results in related geometries.) While the manifold in question may be perfectly flat, 
the presence of closed geodesies and corresponding paucity of Strichartz estimates 
made this a very challenging problem. The large data problem was treated via 
induction on energy, using the result for Euclidean space (i.e. Theorem II .4[) as 
a black box to control highly concentrated profiles. The local-in-time frequency 
localized dispersive estimate proved by Bourgain [7] plays a key role in ensuring 
the decoupling of profiles. 

While the methods employed in the many papers we have discussed so far inform 
our work here, they do not suffice for the treatment of Theorem 11.31 Indeed, 
even the form of perturbation theory needed here spawned the separate paper 
[50) . Moreover, in this paper we encounter not only changes in geometry, but also 
changes in the equation; after all, the Dirichlet Laplacian on exterior domains is 
very different from the Laplacian on M 3 . 

We have emphasized the dispersive estimate because it has been an essential 
ingredient in the concentration compactness variant of induction on energy; it is 
the tool that guarantees that profiles contain a single bubble of concentration and so 
underwrites the decoupling of different profiles. Up to now, no one has succeeded in 
doing this without the aid of a dispersive-type estimate. Moreover, as emphasized 
earlier, the dispersive estimate plays a seemly irreplaceable role in the treatment 
of the energy-critical problem in K 3 . Thus, we are confronted with the problem 
of finding and then proving a suitable substitute for the dispersive estimate. One 
of the key messages of this paper is the manner in which this issue is handled, 
in particular, that the weakened form of dispersive estimate we prove, namely 
Theorem 14.11 is strong enough to complete the construction of minimal blowup 
solutions. The result we prove is too strong to hold outside merely non-trapping 
obstacles; convexity plays an essential role here. 

Section0]is devoted entirely to the proof of Theorem l4.ll Three different methods 
are used depending on the exact geometric setting, but in all cases, the key result 
is an infinite-time parametrix that captures the action of e ltAn up to a vanishing 
fraction of the mass/energy. Both this level of accuracy and the fact that it holds 
for all time are essential features for the rest of the argument. 

The most difficult regime in the proof of Theorem 14. II is when the initial data is 
highly concentrated, say at scale e, at a distance S from the obstacle with e < 5 < 1. 
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To treat this regime, we subdivide into two cases: e < 5 < e 7 and £' < 6 < 1, 
which are called Cases (iv) and (v), respectively. 

In Case (iv) , the initial data sees the obstacle as a (possibly retreating) halfspace. 
To handle this case, we first approximate the initial data by a linear combination 
of Gaussian wave packets (with characteristic scale e). Next we use the halfspace 
evolution of these wave packets (for which there is an exact formula) to approximate 
their linear evolution in fl. As the halfspace evolution does not match the Dirichlet 
boundary condition, we have to introduce a correction term w. Moreover, we have 
to choose the parameters in the definition of w carefully, so that the resulting error 
terms can be controlled for the full range of S. 

In Case (v), the obstacle is far from the initial data relative to the data's own 
scale, but close relative to the scale of the obstacle. We decompose the initial 
data into a linear combination of Gaussian wave packets, whose characteristic scale 
a is chosen carefully to allow refection off the obstacle to be treated by means of 
geometric optics. In particular, a is chosen so that the wave packets do not disperse 
prior to their collision with the obstacle, but do disperse shortly thereafter. We 
divide these wave packets into three categories: those that miss the obstacle, those 
that are near-grazing, and those that collide non-tangentially with the obstacle. 
Wave packets in the last category are the most difficult to treat. For these, we 
build a Gaussian parametrix for the reflected wave. To achieve the needed degree 
of accuracy, this parametrix must be very precisely constructed; in particular, it 
must be matched to the principal curvatures of the obstacle at the collision point. 
This parametrix does not match the Dirichlet boundary condition perfectly, and it 
is essential to wring the last drops of cancellation from this construction in order 
to ensure that it is not overwhelmed by the resulting errors. Further, the term uu 
that we introduce to match the boundary condition is carefully chosen so that it 
is non-resonant; note the additional phase factor in the definition of w^ 3 K This is 
needed so that the error terms are manageable. 

An example of how the results of Section |4] play a role can be seen in the case 
of profiles that are highly concentrated at a bounded distance from the obstacle. 
These live far from the obstacle relative to their own scale, and so we may attempt 
to approximate them by solutions to NLSjjs whose existence is guaranteed by Thco- 
rcm ll.4l Such solutions scatter and so eventually dissolve into outward propagating 
radiation. However, the obstacle blocks a positive fraction of directions and so a 
non-trivial fraction of the energy of the wave packet will reflect off the obstacle. 
Theorem 14. 131 guarantees that this reflected energy will not refocus. Only with this 
additional input can we truly say that such profiles behave as if in Euclidean space. 

Now consider the case when the profile is much larger than the obstacle. In 
this case the equivalence of the linear flows follows from Theorem 14.31 However, 
the argument does not carry over to the nonlinear case. Embedding the nonlinear 
profiles requires a special argument; one of the error terms is simply not small. 
Nevertheless, we are able to control it by proving that it is non-resonant; see Step 2 
in the proof of Theorem 16.11 

The third limiting scenario identified above was when the profile concentrates 
very close to the obstacle. In this regime the limiting geometry is the halfspace H. 
Note that spacetime bounds for NLSh follow from Theorem II. 41 bv considering solu- 
tions that are odd under reflection in cffl. The linear flow is treated in Theorem l4.4l 
and the embedding of nonlinear profiles is the subject of Theorem l6.4l Note that in 
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this regime, the spacetime region where the evolution is highly nonlinear coincides 
with the region of collision with the boundary. In the far-field regime, the finite 
size of the obstacle affects the radiation pattern; thus it is essential to patch the 
halfspace linear evolution together with that in Q. 

Our discussion so far has emphasized how to connect the free propagator in the 
limiting geometries with that in Q. The complexity of energy-critical arguments is 
such that we also need to understand the relations between other spectral multipli- 
ers, such as Littlewood-Paley projectors and fractional powers. This is the subject 
of Section [3] 

After much toil, we show that nonlinear profiles arising from all limiting geome- 
tries obey spacetime bounds, which plays an analogous role to the induction on 
energy hypothesis. Thus, when the nonlinear profile decomposition is applied to a 
Palais-Smale sequence, we can show that there can be only one profile and it cannot 
belong to either of the limiting geometries ]R 3 or H; it must live at approximately 
unit scale and at approximately unit distance from the obstacle. This is how we 
obtain Theorem 11.51 The proof of this theorem occupies most of Section [7] The 
last part of that section deduces Theorem 11.31 from this result. 

To close this introduction, let us quickly recount the contents of this paper by 
order of presentation. 

Section[2]mostly reviews existing material that is needed for the analysis: equiva- 
lence of Sobolev spaces and the product rule for the Dirichlet Laplacian; Littlewood- 
Paley theory and Bernstein inequalities; Strichartz estimates; local and stability 
theories for NLSn; persistence of regularity for solutions of NLS that obey space- 
time bounds (this is important for the embedding of profiles); the Bourgain-style 
Morawetz identity; and local smoothing. 

Section [3] proves results related to the convergence of functions of the Dirichlet 
Laplacian as the underlying domains converge. Convergence of Green's functions at 
negative energies is proved via direct analysis making use of the maximum principle. 
This is extended to complex energies via analytic continuation and the Phragmen- 
Lindclof principle. General functions of the operator are represented in terms of 
the resolvent via the Helffer-Sjostrand formula. 

Section [4] analyses the behaviour of the linear propagator under domain conver- 
gence. In all cases, high-accuracy infinite-time parametrices are constructed. When 
the geometry guarantees that a vanishing fraction of the wave actually hits the ob- 
stacle, a simple truncation argument is used fTheorem l4.3|) . For disturbances close 
to the obstacle, we base our approximation off the exact solution of the halfspace 
linear problem with Gaussian initial data; see Theorem 14.41 For highly concen- 
trated wave packets a bounded distance from the obstacle, we build a parametrix 
based on a Gaussian beam technique; see Theorem 14.131 The fact that Gaussian 
beams are exact linear solutions in Euclidean space prevents the accumulation of 
errors at large times. 

Section [5] first proves refined and inverse Strichartz inequalities (Lemma l5.1l and 
Proposition 15. 2[) . These show that linear evolutions with non-trivial spacetime 
norms must contain a bubble of concentration. This is then used to obtain the 
linear profile decomposition, Theorem l5.6l The middle part of this section contains 
additional results related to the convergence of domains, which combine the tools 
from Sections [3] and |4] 
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Section[6]shows how nonlinear solutions in the limiting geometries can be embed- 
ded in n. As nonlinear solutions in the limiting geometries admit global spacetime 
bounds (this is how Theorem 11.41 enters our analysis) , we deduce that solutions 
to NLSn whose characteristic length scale and location conform closely to one of 
these limiting cases inherit these spacetime bounds. These solutions to NLSn ap- 
pear again as nonlinear profiles in Section [71 

Section [7j contains the proofs of the Palais-Smale condition (Proposition 17. 2} , 
as well as the existence and almost periodicity of minimal blowup solutions (Theo- 
rcm l7.4[) . Because of all the ground work laid in the previous sections, the nonlinear 
profile decomposition, decoupling, and induction on energy arguments all run very 
smoothly. This section closes with the proof of Theorem II .3) the needed contradic- 
tion is obtained by combining the space-localized Morawetz identity introduced in 
Lemma 12.121 with the almost periodicity of minimal blowup solutions. 
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2.1. Some notation. We write X < Y or Y > X to indicate X < CY for some 
absolute constant C > 0, which may change from line to line. When the implicit 
constant depends on additional quantities, this will be indicated with subscripts. 
We use 0(Y) to denote any quantity X such that |A| < Y. We use the notation 
X ~ Y whenever X < Y < X. We write o(l) to indicate a quantity that converges 
to zero. 

Throughout this paper, SI will denote the exterior domain of a smooth compact 
strictly convex obstacle in R 3 . Without loss of generality, we assume that G tt c . 
We use diam :— diam(£7 c ) to denote the diameter of the obstacle and d(x) := 
dist(x, fi c ) to denote the distance of a point x G M. 3 to the obstacle. 

In order to prove decoupling of profiles in LP spaces (when p ^ 2) in Section [SJ 
we will make use of the following refinement of Fatou's Lemma, due to Brezis and 
Lieb: 

Lemma 2.1 (Refined Fatou, [9]). Let < p < oo. Suppose {/„} C L p (R d ) with 
limsup WfnWhp < oo. Lf f n —¥ f almost everywhere, then 



As described in the introduction, we need adaptations of a wide variety of har- 
monic analysis tools to the setting of exterior domains. Most of these were discussed 
in our paper [50] . One of the key inputs for that paper is the following (essentially 
sharp) estimate for the heat kernel: 

Theorem 2.2 (Heat kernel bounds, (72]). Let fi denote the exterior of a smooth 
compact convex obstacle in M. d for d > 3. Then there exists c > such that 
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uniformly in x,y € Q and t > 0; recall that A A B = mhi{A,B}. Moreover, the 
reverse inequality holds after suitable modification of c and the implicit constant. 

The most important result from [50] for our applications here is the following, 
which identifies Sobolev spaces defined with respect to the Dirichlet Laplacian with 
those defined via the usual Fourier multipliers. Note that the restrictions on the 
regularity s are necessary, as demonstrated by the counterexamples discussed in [50] . 

Theorem 2.3 (Equivalence of Sobolev spaces, [SD])- Let d > 3 and let denote 
the complement of a compact convex body il c C M. d with smooth boundary. Let 
1 < p < oo. 7/0 < s < min{l + ±, -} then 

(2.1) ||(-A R£i ) s / 2 /|| LP ~ d , P , s \\(-A Q ) s / 2 f\\ LP for all f€C?(Sl). 

This result allows us to transfer several key results directly from the Euclidean 
setting, provided we respect the restrictions on s and p. This includes such basic 
facts as the L p -Leibnitz (or product) rule for first derivatives. Indeed, the product 
rule for the operator (— A^) 1 / 2 is non-trivial; there is certainly no pointwise product 
rule for this operator. 

We also need to consider derivatives of non-integer order. The L p -product rule for 
fractional derivatives in Euclidean spaces was first proved by Christ and Weinstein 
[17) . Combining their result with Theorem 12.31 yields the following: 

Lemma 2.4 (Fractional product rule). For all f,g g C^°(ft), we have 

(2.2) ||(-A n )*(/$)||j> < ||(-An)*/||wi|M|iw + ||/lk«||(-An)*fllU« 
with the exponents satisfying 1 < p,pi, Q2 < oo, 1 < P2, <?i < oo, 

I = J- + J- = J- + J-. and < s < minjl + ±, 1 + ±, ^-j. 

P Pl P2 qi <32 ' l Pl ' 92 ' Pl ' 92 J 

2.2. Littlewood Paley theory on exterior domains. Fix (j> : [0, oo) — > [0, 1] a 

smooth non-negative function obeying 

(f>{\) = 1 for < A < 1 and 0(A) = for A > 2. 
For each dyadic number N <E 2 Z , we then define 

cj) N (X) := cj>(X/N) and ^Jv(A) := 0at(A) - 0at /2 (A); 

notice that {ip 'n (A)} n g2 z forms a partition of unity for (0, oo). 

With these functions in place, we can now introduce the Littlewood-Paley pro- 
jections adapted to the Dirichlet Laplacian on fi and defined via the functional 
calculus for self-adjoint operators: 

P^:=0 JV (^/ = A^), P^:=Vjv(v /= A^), and P^ N := I - P^n- 

For brevity we will often write /jv := Pjy/ and similarly for the other projections. 

We will write P^ 3 , and so forth, to represent the analogous operators associated 
to the usual Laplacian in the full Euclidean space. We will also need the analogous 
operators on the halfspace H = {x € M 3 : x ■ e% > 0} where 63 = (0, 0, 1), which we 
denote by P^, and so forth. 

Just like their Euclidean counterparts, these Littlewood-Paley projections obey 
Bernstein estimates. Indeed, these follow quickly from heat kernel bounds and the 
analogue of the Mikhlin multiplier theorem for the Dirichlet Laplacian. See [50] for 
further details. 
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Lemma 2.5 (Bernstein estimates). Let 1 < p < q < oo and — oo < s < oo. TTien 
/or ant/ / € C£°(f2), we /icwe 

H-P<Ar/llLp(f2) + ||-f"/||ip(n) ^ 

II^/IU«( ) + ll^f/IU«(n) < N d ^\\f\\ LP{Q) , 

N s \\P$f\\ Lm ~ ||(-An)*i^/||^ ( n). 

A deeper application of the multiplier theorem for the Dirichlet Laplacian is the 
proof of the square function inequalities. Both are discussed in [57] . as well as [50] . 
and further references can be found therein. 

Lemma 2.6 (Square function estimate). Fix 1 < p < oo. For all f £ C£°(f2), 



\lp(Q) 



Implicit in this lemma is the fact that each / coincides with ^2 Jn in L p (Sl) 
sense for 1 < p < oo. This relies on the fact that is not an eigenvalue of — An, as 
follows from Lemma \2. 131 

2.3. Strichartz estimates and the local theory. As the endpoint Strichartz 
inequality is not known for exterior domains, some care needs to be taken when 
defining the natural Strichartz spaces. For any time interval /, we define 

S°(I) := LfL 2 x {I x!!)n L 2 + e L7^{I x SI) 
S l (I) := {u : / x n -> C : (-A n ) 1/2 u € S°(I)}. 

By interpolation, 

(2.3) ||u|Uf£r (Jx n) < \\u\\s°(i) for all § + f = § with 2 + e < q < oo. 

Here e > is chosen sufficiently small so that all Strichartz pairs of exponents used 
in this paper are covered. For example, combining (12.31) with Sobolev embedding 
and the equivalence of Sobolev spaces Theorem l2.3[ we obtain the following lemma. 



Lemma 2.7 (Sample spaces). We have 

MLrHl + Wi-^uW so +||(-A n )*u|| +||(-A n )*u|| m 

+ ||(-An) 5 tt|| § + \\u\\ LrL 6 + \\U\\ L W X + |M| L 5 L 30 < ||w||<ji (/) , 

where all spacetime norms are over I x SI. 

We define N°(I) to be the dual Strichartz space and 

N^I) : = {F : I x Si -> C : (-A^) 172 ^ € N°(I)}. 

For the case of exterior domains, Strichartz estimates were proved by Ivanovici 
[36]; see also [6]. These estimates form an essential foundation for all the analysis 
carried out in this papaer. 

Theorem 2.8 (Strichartz estimates). Let L be a time interval and let SI be the 

exterior of a smooth compact strictly convex obstacle in K 3 . Then the solution u to 
the forced Schrodinger equation iu t + Aqu = F satisfies the estimate 

\\ u \\s°(i) ^ IK*o)||i,2(fi) + ||-F|U°(j) 
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for any to G /. In particular, as (— Aq) 1 / 2 commutes with the free propagator e ItAf! , 
IMIsi(i) ^ IK*o)lljii(n) + \\ f \\nhi) 

for any to G I ■ 

When f2 is the whole Euclidean space R 3 , we may take e = in the definition 
of Strichartz spaces; indeed, for the linear propagator e l * As3 , Strichartz estimates 
for the endpoint pair of exponents (q, r) — (2, 6) were proved by Keel and Tao [40] . 
Embedding functions on the halfspace H as functions on R 3 that are odd under 
reflection in dW, we immediately see that the whole range of Strichartz estimates, 
including the endpoint, also hold for the free propagator e ltAa . 

The local theory for (jl.ip is built on contraction mapping arguments combined 
with Theorem 12.81 and the equivalence of Sobolev spaces Theorem 12.31 We record 
below a stability result for which is essential in extracting a minimal coun- 

terexample to Theorem 11.31 Its predecessor in the Euclidean case can be found in 
[T§] ; for versions in higher dimensional Euclidean spaces see [27J [5S1 ES] ■ 

Theorem 2.9 (Stability for NLSsi, [50 ). Let fl be the exterior of a smooth com- 
pact strictly convex obstacle in R 3 . Let I a compact time interval and let u be an 
approximate solution to on I x f2 in the sense that 

iut + Aqu = \u\ A u + e 

for some function e. Assume that 

Nlz,f H^iixQ) ^ E and H«llL t 10 x (/xO) < L 
for some positive constants E and L. Let to G I and let uq G Hp^) satisfy 

ll«o-u(*o)||*i < E' 
for some positive constant E' . Assume also the smallness condition 
(2.4) || e l(t -* 0)A " [u(t ) - no] + \\ V 7 ^ e\\ N0{I) < e 

for some < e < e± = e%(E, E' , L). Then, there exists a unique strong solution 
u : I x Q i— > C to (jl.ip with initial data uq at time t — to satisfying 

\\u-u\\ L ™jixn) <C(E,E',L)e 

\\V^ l {u-u)\\ sa{I ^ n) <C(E,E l ,L)E' 

\\V^4s« { i,n)< C ( E > E '> L )- 

There is an analogue of this theorem for f2 an exterior domain in R d with d = 
4,5,6; see [STJj . For dimensions d > 7, this is an open question. The proof of 
the stability result in R d with d > 7 relies on fractional chain rules for Holder 
continuous functions and 'exotic' Strichartz estimates; see [47j|66]. The equivalence 
of Sobolev spaces Theorem 11.31 guarantees that the fractional chain rule can be 
imported directly from the Euclidean setting. However, the 'exotic' Strichartz 
estimates are derived from the dispersive estimate (|1.7|) and it is not known whether 
they hold in exterior domains. 

Applying Theorem 12.91 with u = 0, we recover the standard local well-posedness 
theory for (|1.1|) . Indeed, for an arbitrary (large) initial data uq G Hjj(Q), the 
existence of some small time interval / on which the smallness hypothesis (|2.4[) holds 
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is guaranteed by the monotone convergence theorem combined with Theorem 12.81 
Moreover, if the initial data uq has small norm in ff^(O) (that is, E' is small), 
then Theorem 12.81 yields (|2.4p with I = R. Therefore, both local well-posedness 
for large data and global wcll-poscdncss for small data follow from Theorem 12.91 
These special cases of Theorem 12.91 have appeared before, [38]; induction on 
energy, however, requires the full strength of Theorem 12.91 

In Section we will embed solutions to NLS in various limiting geometries back 
inside Q. To embed solutions to NLSr3 in $7, we will make use of the following 
persistence of regularity result for this equation: 

Lemma 2.10 (Persistence of regularity for NLSr3, [IH]). Fix s > and let I be a 

compact time interval and u : I x R 3 — > C be a solution to NLS1&3 satisfying 

E(u) < E < 00 and ||u||x,io (/ x k 3 ) < L < 00 ■ 

Ifu(t ) e H S (R 3 ) for some t € /, then 

||(-A B3 )*u|| S o (J) < C{E,L)\\u(t )\\Hs m . 

We will also need a persistence of regularity result for NLSh- This follows by 
embedding solutions on the halfspace as solutions on M 3 that are odd under reflec- 
tion in <9H. In particular, one may regard —Ah as the restriction of — Ar3 to odd 
functions. For example, one can see this equivalence in the exact formula for the 
heat kernel in H. 

Lemma 2.11 (Persistence of regularity for NLSh)- Fix s > and let I be a compact 
time interval and u : I xW — > C be a solution to NLSu satisfying 

E{u) < E < 00 and \\u\\ L w (j x h) < L < 00. 

If u(to) 6 Hfy(M) for some to € /, then 

||(-A H )f u || s o (/) < C(E,L)\\ u (t )\\ Ai{w 

2.4. Morawetz and local smoothing. We preclude the minimal counterexample 
to Theorem 11.31 in Section [7] with the use of the following one-particle Morawetz 
inequality; cf. [8|l52]. 

Lemma 2.12 (Morawetz inequality). Let I be a time interval and let u be a solution 
to (jl.ip on I. Then for any A > 1 with A]!] 1 / 2 > diam(f2 c ) we have 

(2.5) / / W^d X dt<A\I\?, 



Jl J\x\<A\I\2 ,xGQ \ x \ 

where the implicit constant depends only on the energy of u. 

Proof. Let <f>(x) be a smooth radial bump function such that cf>(x) — 1 for |x| < 1 
and (j)(x) — for \x\ > 2. Let R > diam(O c ) and define a(x) :— \x\(f>(^). Then for 
|x| < R we have 

x 

(2.6) djdkaix) is positive definite, Va(i) = — , and AAa(x) < 0, 

\x\ 

while for \x\ > R we have the following rough estimates: 

(2.7) \d k a(x)\<l, \d 3 d k a(x)\<^ and \AAa(x)\ < ^. 
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To continue, we use the local momentum conservation law 

(2.8) d t lm(ud k u) = -2d, Reidkudju) + ^d k A(\u\ 2 ) - |o> fc (|u| e ). 
Multiplying both sides by d k a and integrating over Q we obtain 

dt Im / ud k ud k a dx = — 2 Re / dj(d k udju)d k adx 
Jn Jn 

(2.9) +\ f d k A{\u\ 2 )d k adx-l [ d k (\uf)d k adx. 

^ Jn o Jn 



The desired estimate (|2.5p will follow from an application of the fundamental theo- 
rem of calculus combined with an upper bound on LHS (I2.9I) and a lower bound on 
RHS(EU). 

The desired upper bound follows immediately from Holder followed by Sobolev 
embedding: 

(2.10) Im J ud k ud k adx < |M|LS(n)||Vw|| L 2 (0) ||Va|| L 3 (fl) < R\\Vu\\ 2 L2 ^ n) . 

Next we seek a lower bound on RHS (|2.9p . From the divergence theorem, we 
obtain 

—2 Re / dj(d k udjU)d k a dx = —2 Re / dj(d k udjud k a) dx + 2 Re / d k udjudjd k adx 
Jn Jn Jn 

= 2 Re / dkudkadjurijd(j(x) + 2 Re / d k udjudjd k a 
Jan J\x\<r 



+ 2 / dk udj udj dk a dx , 

J\x\>R 

where n denotes the outer normal to f2 c . We write 

djuftj = Vw • n = u n . 

Moreover, from the Dirichlet boundary condition, the tangential derivative of u 
vanishes on the boundary; thus, 

Vit = (Vu • ri)ri = u n n and d k ud k a = u n a n . 

Using this, (|2.6[) . and (|2.7I) we obtain 

— 2Re / dj(dkudjii)dkadx > 2 / a n \u n \ 2 da(x) + 2 / d k udjildjd k adx 
Jn Jon J\x\>r 

""i 2 (n)- 



> 2 / a n \u n \ 2 da(x) - -||Vu" 2 
Jan H 



Similarly, we can estimate the second term on LHS (|2.9p as follows: 
l - f d k A(\u\ 2 )d k adx= X - f d k [A(\u\ 2 )d k a] dx - ]- f A{\u\ 2 )Aadx 

= -\ A(\u\ 2 )d k an k da{x)-)- f \u\ 2 AAadx 
1 Jan 1 Jn 

= - I \Vu\ 2 a n d<r(x) - i / \u\ 2 AAadx 
Jan 2 J\ x \<n 



I dQ. A J\x\<R 

2 / ! " ! 

1 J\x\>R 



l2 AAadx 
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f c 

/ \u n \ 2 a n da(x) - — ||Vu||| 2(n) ; 
JdQ. H 



> 

to obtain the last inequality we have used (|2.6p , (|2.7I) , Holder, and Sobolev embed- 
ding. 

Finally, to estimate the third term on LHS ([2~9l) we use ([H} and <|2.7[) : 

16 

Collecting all these bounds and using the fact that a n > on c?Sl, we obtain 

16 



-\ / d k {\uf)d k adx= \ f \ufAadx=~ f ^ dx - ^-\\u\\% 
6 Jo. 6 Jn 6 J\x\<R \ x \ n 



(2.11) LRS^M> f M. da- -ir 1 [|| Vu 

J\x\<R \ x \ 

Integrating (|2.9p over I and using (|2 . 10[) and (|2 . 1 1 1) we derive 

\x\<R,xen Fi ^ 
Taking R = A\I\i yields (|2.5[) . This completes the proof of the lemma. □ 

We record next a local smoothing result. While the local smoothing estimate 
does guarantee local energy decay, it falls short of fulfilling the role of a dispersive 
estimate. In particular, local smoothing does not preclude the possibility that 
energy refocuses finitely many times. Indeed, it is known to hold in merely non- 
trapping geometries. Nevertheless, it does play a key role in the proof of the 
Strichartz estimates. The version we need requires uniformity under translations 
and dilations; this necessitates some mild modifications of the usual argument. 

Lemma 2.13 (Local smoothing). Let u = e ltA{l UQ. Then 

\Vu{t,x)\ 2 (R- 1 (x-z))~ 3 dxdt <i2||uo||w(n)||Vuo||L»(n), 

uniformly for zeM 3 and R > 0. 

Proof. We adapt the proof of local smoothing using the Morawetz identity from 
the Euclidean setting. For the level of generality needed here, we need to combine 
two Morawetz identities: one adapted to the obstacle and a second adapted to the 
R ball around z. 

Recall that the origin is an interior point of fl c . Given x € dfl, let n(x) denote 
the outward normal to the obstacle at this point. As 51 c is convex, there is a 
constant C > independent of z so that 

( 2 - 12 ) \ {r-hI-z)) - H ( x )\ ^ c jt\ fora11 x£dQ. 

Indeed, the right-hand side is bounded away from zero uniformly for x G dfl, while 
the set of vectors nprl~~]) is compact. 
For C > as above, let 

:= / Im(Wu) • Vadau with a(x) := C\x\ + R(R^ 1 (x - z)). 

After integrating by parts several times (cf. Lemma l2.12j) and using that 
—AAa(x) > and djdka(x) > ^(R^ 1 (x — z)) 3 Sjk (as symmetric matrices) 
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one obtains 

d t F(t)>2[ J^_(M)| 2 ^ I ^u(t, X )\^a( X )-n( X )]da(x). 

Moreover, by (12.12)) the integral over dCl is positive since 

Va(x) ■ n(x) = [C^ + • rt(x) > for x e dfl. 

Noting that \F(t)\ < (C + 1) || u(t) || i'ffi) ]| Vti(t) || £,a f^) s the lemma now follows by 
applying the fundamental theorem of calculus. □ 



The remainder term in the linear profile decomposition Theorem 15 .61 goes to zero 
in L\ x \ however, in order to prove the approximate solution property (cf. Claim 3 
in the proof of Proposition l7.2p , we need to show smallness in Strichartz spaces with 
one derivative. This is achieved via local smoothing (cf. Lemma 3.7 from [42]); the 
uniformity in Lemma 12.131 is essential for this application. 

Corollary 2.14. Given w a £ Hp (CI), 

uniformly in wq and the parameters R, T > 0, t G K, and z £ M 3 . 

Proof. Replacing wo by e lTAn wo, we see that it suffices to treat the case r = 0. 
By Holder's inequality, 

l|Ve ltAn Wo || £ 

L?J[-T,T]x{\x-z\<R}) 

*'* U '''W z \^ K i> L,y[-T,T]xfi) 

We will estimate the two factors on the right-hand side separately. By the Holder 
and Strichartz inequalities, as well as the equivalence of Sobolev spaces, we estimate 

||Ve* tA ^ || so , <T*\\(-A n )h ltA »w \\ 40 20 <T*\\wo\\H U ny 
In this way, the proof of the corollary reduces to showing 

(2.13) ||V e JtA " Wo || LL(W]x{ | :c _ 2 |< fi}) < rAi?i%||e ItA ^ ||J tl oJko||| L(f2) . 

Given N > 0, using the Holder, Bernstein, and Strichartz inequalities, as well as 
the equivalence of Sobolev spaces, we have 

1 1 VT „HAn pfl II 

|| ve r <N w \\ LlJ[ _ TT]x{lx _ z ^ R}) 

ltA ^ n --II 20 



11 <N u "l}°lJ 



< T^R*Ni\\(-A n )h ltA "P2 N w 

< T^R*Ni\\e UA "w Q \\l 10 ||(-A n )M tA ^ || - 



< Ti i?& AT i 1 1 e H A »w 1 1 | I , ^ (n) ■ 
We estimate the high frequencies using Lemma 12.131 and the Bernstein inequality: 

2 

\LlJ[-T,T]x{\x-z\<R}) 
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The estimate (|2.13p now follows by optimizing in the choice of N. □ 

3. Convergence of domains 

The region is not invariant under scaling or translation; indeed, under suitable 
choices of such operations, the obstacle may shrink to a point, march off to infinity, 
or even expand to fill a halfspace. The objective of this section is to prove some 
rudimentary statements about the behaviour of functions of the Dirichlet Laplacian 
under such circumstances. In the next section, we address the much more subtle 
question of the convergence of propagators in Strichartz spaces. 

We begin by defining a notion of convergence of domains that is general enough 
to cover the scenarios discussed in this paper, without being so general as to make 
the arguments unnecessarily complicated. Throughout, we write 

G a (x,y;z) := (-A c - z)~ 1 (x,y) 

for the Green's function of the Dirichlet Laplacian in a general open set O. This 
function is symmetric under the interchange of x and y. 

Definition 3.1. Given a sequence O n of open subsets of R 3 we define 
hmO„ := {x £ R 3 : liminf dist(z, C, C J > 0}. 

n— j-cjo 

Writing O = hmC> n , we say O n — > O if the following two conditions hold: OAO is 
a finite set and 

(3.1) G 0n {x,y;z)^G (x,y;z) 

for all z £ (—2,-1), all x £ O, and uniformly for y in compact subsets of 0\ {x}. 

The arguments that follow adapt immediately to allow the symmetric difference 
OAO to be a set of vanishing Minkowski 1-content, rather than being merely 
finite. The role of this hypothesis is to guarantee that this set is removable for 
Hj)(0); see Lemma [3.21 below. We restrict z to the interval (—2,-1) in (|3.1I) for 
simplicity and because it allows us to invoke the maximum principle when checking 
this hypothesis. Nevertheless, this implies convergence for all z £ C \ [0, oo), as we 
will show in Lemma 13.41 



Lemma 3.2. If O n -> O, then C™(&) is dense in H}>(0). 

Proof. By definition, C c °°(0) is dense in H\,{0). Given / G C™{0) and e > 
define f £ (x) := f(x) n™ =1 9(^=^) where {x k }^ =1 enumerates OAO and 9 : M 3 
[0, 1] is a smooth function that vanishes when \x\ < 1 and equals one when |x| > 2. 
Then f e £ C c °°(0) n (O) and 



11/ - feWm^) S ^ IIV/IU- + H/IU-. 
As s can be chosen arbitrarily small, the proof is complete. □ 

In what follows, we will need some crude bounds on the Green's function that 
hold uniformly for the rescaled domains we consider. While several existing methods 
could be used to obtain more precise results (cf. [52]), we prefer to give a simple 
argument that gives satisfactory bounds and for which the needed uniformity is 
manifest. 
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Lemma 3.3. For all open sets OCI 3 and z € C \ [0, oo), 



(3.2) 



\Go(x,y;z)\ 



< 



(Im z) : 



re 2 



| Re%/=z| 



x-y\( l _ 

\\x- 



x-y\ 



Moreover, if Re z < 0, then 



(3.3) 



G (a;,y;z) < e 



Mar- 



la; - y\ 



Proof. By the parabolic maximum principle, < e ° (x, y) < e » 3 (x, y). Thus, 



\G (x,y;z)\ = 



tz+tA 



(x, y) dt 



< / e tRc ^ +tA ^(x,y)dt = G R s(x,y;Rez) 
Jo 



for all Rez < 0. Using the explicit formula for the Green's function in R 3 , we 
deduce 



e -T/-Rez\x-y\ 

\Go(x,y; z)\ < — ; — ; ; — whenever Rez < 0. 



(3-4) , .. 

4:7t\x — y\ 

(When z 6 (-co, 0] this follows more simply from the elliptic maximum principle.) 

Note that the inequality (|3.4|) implies (|3.3I) in the sector Rez < — | Imz|. Indeed, 

in this region we have Re-y/^z < \f\z\ < 2 4 \J— Rez. In the remaining cases of 

1 2 

(|3.3|) . namely, — | \vsxz\ < Re z < 0, we have 1 < < 2 and so in this case (13.3[) 



follows from (13.21) . Thus, it remains to establish (|3.2I) . 

To obtain the result for general z € C \ [0, 00), we combine (|3.4[) with a crude 
bound elsewhere and the Phragmen-Lindelof principle. 

From (|3.4p and duality, we have 

\\i-Ao + izirx^ - IK- A « + ^ i^r 1/4 - 

Combining this information with the identity 



(-Ao-z)- 1 = (-Ao+lzD^+i-Ao+lz] 



(z + \z\)(-A + \z\) 



-A - z 



(-A0 + M)- 1 



and elementary estimations of the L 2 -norm of the operator in square brackets, we 
deduce that 

1 lzl 3/2 

(3.5) \G (x,y;z)\<-. r + j-i—r for all zeC\[0,oo). 

\x — y\ I lmz| 

Using (13.4)) when Re z < and (|3.5p when Re z > 0, we see that for given e > 
we have 



(3.6) log 



Go(x,y;z) 



z + is) 



< -\x - y\ Re(Vi^l) + log(^- + y/I) + 2 log(|) + C 



for a universal constant C and all z with Imz = e. By the Phragmen-Lindelof 
principle, this inequality extends to the entire halfspace Imz > e. Indeed, LHS (|3.6[) 
is subharmonic and converges to —00 at infinity, while RHS (|3.6[) is harmonic and 
grows sublinearly. To obtain the lemma at a fixed z in the upper halfplane we apply 
(I3.6[) with £ = \ Im z and use the elementary inequality 



Re v — u — jjV > I Re y/— u — iv for all ti€l and v > 0. 
The result for the lower halfplane follows by complex conjugation symmetry. □ 
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Lemma 3.4. If O n — > O, then ()3.1[) holds uniformly for z in compact subsets of 
C \ [0, oo), and y in compact subsets of 0\ {x}. 

Proof. We argue by contradiction. Suppose not. Then there exist aniGO and a 
sequence y n — » j/oo € O \ {x} so that 



does not converge uniformly to Go (x, yoo ; z) on some compact subset of C \ [0, oo) . 

By Lemma 13.31 we see that {f n } are a normal family and so, after passing to a 
subsequence, converge uniformly on compact sets to some f(z). As Go n (x, y n ; z) — > 
Go(x, yrx,; z) whenever z £ (—2, —1), the limit must be f(z) = Gq(x, y^; z). This 
shows that it was unnecessary to pass to a subsequence, thus providing the sought- 
after contradiction. □ 

Given sequences of scaling and translation parameters N n £ 2 Z and x n £ fi, we 
wish to consider the domains N n (Q — {x n }). Writing d(x n ) :— dist(a;„, Q c ) and 
passing to a subsequence, we identify four specific scenarios: 

• Case 1: N n = and x n — > Xoo £ Vt. Here we set Vt n := ft. 

• Case 2: N n — > and —N n x n — > x^ £ R 3 . Here Q n := N n (Q — {x n }). 

• Case 3: N n d(x n ) —> oo. Here VL n :— N n (il — {x n }). 

• Case 4: N n -> oo and N n d(x n ) -> d^ > 0. Here Q n := NnR' 1 ^ - {a;*}), 
where x* n £ dfl and R n £ 50(3) are chosen so that d(x n ) — \x n — x* n \ and 



The seemingly missing possibility, namely, N n > 1 and N n d(x n ) — > will be 
precluded in the proof of Proposition 15.21 

In Case 1, the domain modifications are so tame as to not require further analysis, 
as is reflected by the choice of f2„. The definition of Vt n in Case 4 incorporates 
additional translations and rotations to normalize the limiting halfspace to be 



In Cases 2 and 3, the limiting domain is M 3 , as we now show. 

Proposition 3.5. In Cases 2 and 3, £1„ — > M 3 ; in Case 4, H. 

Proof. In Case 2, we have lhhi7„ = M 3 \ {xoo}. It remains to show convergence of 
the Green's functions. 

Let Co > be a constant to be chosen later. We will show that for z £ (—2, —1) 
and n sufficiently large, 

(3.7) Gn n (x, y; z) > G R 3 (x, y; z) - C N n G R 3(x, -x„N n ; z) 

for ieR 3 \ {xoo} fixed and y in any compact subset K of IR 3 \ {x, Xoo}. Indeed, 
for n large enough we have x £ fl n and K C f2„. Also, for xq £ d£l n we have 
|a; + x n N n \ < diam(f2 c )iV n . Thus, for z £ (—2, —1) we estimate 



f n {z) := G 0n {x 7 y n ,z 



H := {x £ R 3 : 



e 3 • x > 0} where 63:= (0,0,1). 



G R 3(x 0l y;z) - CoN n GM3{x ,-x n N n ]z 




C N n 




An\x - y\ 



4:Tr\x + x n N n \ 




C 




<0, 



< 



4ir\xo - y\ 



4-7T diam 



provided C > sup y€K 



and n is sufficiently large. Thus (|3.7[) follows from 



the maximum principle. 



ENERGY-CRITICAL NLS OUTSIDE A CONVEX OBSTACLE 



27 



The maximum principle also implies G R 3(x, y; z) > Gn n (x, y; z) > 0. Combining 
this with (|3.7p . we obtain 

Gjgs(x, y;z) - C N n G R 3 (x, -x n N n ; z) < Gn n (x, y; z) < G R 3(x,y;z) 

for n sufficiently large. As N n — > and —x n N n — > x^, this proves the claim in 
Case 2. 

Next we consider Case 3. From the condition N n d{x n ) — > oo it follows easily 
that hmi7„ = R 3 . It remains to show the convergence of the Green's functions. 
By the maximum principle, G R 3(x,y; z) > Gn n (x,y; z); thus, it suffices to prove 
a suitable lower bound. To this end, let H„ denote the halfspace containing for 
which <9H„ is the hyperplane perpendicularly bisecting the line segment from to 
the nearest point on dil n . Note that dist(0, 9H n ) — > oo as n —> oo. Given x £ M 3 
and a compact set K C M 3 \ {x}, the maximum principle guarantees that 

Gn n (%, y, z) > C?h„ (x, y; z) for all y g K and z £ (— 2, — 1), 

as long as n is large enough that x £ H„ and K C H n . Now 

G H „ (x, y; z) = G R 3 (x, y; z) - G R3 (x, y n ;z), 

where y n is the reflection of y across dM n . Thus, 

e -\Z^z\'-c-y\ e —V—*\*—Vn\ 

Gn n (x,y;z) = — — : — : > Gr3 (x, y; z) as n -> oo. 

^TT\x-y\ Air\x-y n \ 

This completes the treatment of Case 3. 

It remains to prove the convergence in Case 4, where Vl n = A r „i? r ^ 1 (il — {x* n }), 
N n — > oo, and N n d(x n ) — > > 0. It is elementary to sec that limfi„ = H; in 
particular, ic!!„ for all n. We need to verify that 

Ga n (x, y; z) ~> Gm(x, y; z) for z£ (-2,-1), x £ H, 

and uniformly for y in a compact set K C H \ {x}. By the maximum principle, 
Gn„ (x, y; z) > Gu{x, y; z). On the other hand, we will show that 

(3.8) Go„(x,y;z) < G m (x, y; z) + CN~ € e-^ x *, 

for any < e < | and a large constant G depending on K . As N n — > oo, these two 
bounds together immediately imply the convergence of the Green's functions. 

We now prove the upper bound (|3.8[) . From the maximum principle it suffices 
to show that this holds just for x £ dtt n , which amounts to 

(3.9) \Gm(x,y;z)\ < CN~ e e -^ X3 for all z £ (-2,-1), x £ dCl n , and y £ K. 
Note that Gh is negative for such x. Recall also that 

1 



Gw(x,y]z) 



-z\x-y\ r -\T 7 z\x-V\ 



where y = (y- 1 , —y^) denotes the reflection of y across dW. 

If x £ 90„ with |x| > then we have \x — y| ~ \x — y\ > N^ for n large and so 

\G M (x,y,z)\<CN-"e-^^ 7 

provided we choose G > sup^g^ expjv^ 1 2/3 1 } . 
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Now suppose x 6 dft n with |x| < N%- As the curvature of dfl n is 0(N~ 1 ), for 
such points we have |a?3 j < iV^ £_1 . Correspondingly, 

0<\x-y\-\ X -y\ J X - V ^-^ = . ^''f' < K N^. 

\x-y\ + \x-y\ \x-y\ + \x-y\ 

Thus, by the Lipschitz character of r i-> e~ y ^ r ^ r /r on compact subsets of (0, oo), 

\G m (x,y,z)\ < K N^~\ 

On the other hand, since |a?3 1 < N^ 5 ^ 1 — > as n — > oo, 

As < e < |, this completes the justification of (|3.9I) and so the proof of the lemma 
in Case 4. □ 

We conclude this section with two results we will need in Sections [5] and [51 

Proposition 3.6. Assume fi„ — > fioo m £/ie sense of Definition \KT\ and let € 

C c °°((0,oo)). T/ien 

(3-10) l|[e(-A n J - e(-A J]<5J^- 1(R3) -> 

uniformly for y in compact subsets of lim fi„ . Moreover, for any fixed i 6 1 cmri 
ft. € (125 fin), w e /iGrae 



(3.11) lim ||e l * An «/i-e ltA "-/i|U_w K3 , =0 

71 — ^OO V ' 



Proof. By the Helffer-Sjostrand formula (cf. 28, p. 172]), we may write 
S(-Ao)(a:,y) = / Go(x, y; z)pe(^) dArea, 



where € C^°(C) with |pe(^)| ^ |Im2| 20 . Note that by Lemma |3~31 this integral 
is absolutely convergent; moreover, we obtain the following bounds: 

(3.12) \e(-A )(x,y)\ <\ x -y\-\x-y)- w , 

uniformly for any domain O. 

As fi„ — > fioo, applying dominated convergence in the Helffer-Sjostrand formula 
also guarantees that 0(— Aq k )(x, y) —> 0(— An ao )(a; ) y) for each x G fioo := luhfi„ 
fixed and uniformly for y in compact subsets of fi^ \ {x}. Combining this with 
(|3.12l) and applying the dominated convergence theorem again yields 

||e(-An„)5 s/ -e(-A n J<y 6 ^0, 

which proves fj37TO]) since by Sobolev embedding L^ /5 (R 3 ) C H- 1 (M 3 ). 

We turn now to (|3TTT|) . From the L 6 J 5 -convergence of Littlewood-Paley expan- 
sions (cf. [SOI §4]), we see that given e > and h € C^(hmfi„), there is a smooth 
function 9 : (0, oo) — > [0, 1] of compact support so that 

||[l-e(-AnJ]/i||tf- 1(R3) <e. 

Combining this with (|3 . 10[) we deduce that 

Urn sup || [1 - ©(-AnJ]/i||#_ 1(R3) < e. 

In this way, the proof of (|3.1ip reduces to showing 

lim \\e ltA ^9(-A n Jh-e ltA ~0(-A n Jh\\ A _ = 0, 
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which follows immediately from (|3.10|) . □ 

Lemma 3.7 (Convergence of Hp spaces). Let O n — > fl^ in the sense of Defini- 
tion \3.1l Then we have 

(3.13) ||(-Afij5/-(-AfiJs/|| i2(K3) ^0 for all f e C c °°(lrmO n ). 

Proof. By the definition of \unil n , any / 6 C^(15nf2 n ) obeys supp(/) C r2 ra for n 
sufficiently large n and for such n we have 

(3.14) IK-AnJ'/ll^^) - llV/IU^a) = ||(-A fioo )5/IU=(R3). 
Given e > 0, there exists e € C£°((0,oo)) such that 



sup — — - - 6 e (A) < e. 

AG[0,oo) 

Thus for any g £ (R 3 ) , we have 

(.9, (-AnJ'/) = Y^T (1 " A)/) = (3 ' e =(- An »)( 1 ~ + °( £ )- 
Using Proposition 13.61 and the same reasoning, we obtain 

lim ( 5 ,e e (-An„)(l- A)/) = 8 e (— An K> )(l - A)/) = ( 5) (-An.)*/) + 0(e). 

n—too 

Putting these two equalities together and using the fact that s > was arbitrary, 
we deduce that (-An n )2 / — 1 (— A 0=o )2/ weakly in L 2 (R 3 ). Combining this with 
(|3.14p gives strong convergence in L 2 (R 3 ) and so proves the lemma. □ 

4. Convergence of linear flows 

In this section we prove convergence of free propagators in Strichartz spaces, 
as we rescale and translate the domain f2 by parameters N n € 2 Z and x n G Q 
conforming to one of the following three scenarios: 

!(i) N n -> and -N n x n -4 ^ e K 3 
(ii) N n d{x n ) -> oo 
(iii) N n — > oo and N n d(x n ) doo > 0. 

Here we use the shorthand d(x n ) — dist(x„, il c ). Notice that these are Cases 2-4 
discussed in Section [3] We will not discuss Case 1 of Section [3] here; there is no 
change in geometry in Case 1, which renders the results of this section self-evident. 

As seen in Section[3l the limiting geometry in the first and second scenarios is the 
whole space R 3 , while in the third scenario the limiting geometry is the halfspace 
H (after a suitable normalization). More precisely, in the first and second scenarios 
writing 51„ = N n (Ct — {x n }), Proposition 13.51 gives fi„ — > R 3 . In the third scenario, 
we define fi„ = N n R^ 1 (Q — {^*}), where x* € dtt and R n € 50(3) are chosen so 
that d(x n ) — \x n — x* n \ and R n &3 = \^~-^\ i m this scenario, Proposition 13.51 gives 
Q n -> H = {x e R 3 : x ■ e 3 > 0}. 

The main result in this section is the following: 

Theorem 4.1 (Convergence of linear flows in Strichartz spaces). Let Q„ be as 
above and let i7oo be such that fi n — > fl^ . T/ien 

lim ||e rfA "" V " e ltA ^^llL ? L S(R x R3 ) = 

ft — ^OO y 
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for all tp G C£°(155fi n ) and all pairs (q,r) satisfying - + 3 = | with 2 < q < oo 
and 2 < r < 6. 

In this paper we are considering an energy-critical problem and so need an ana- 
logue of this theorem with the corresponding scaling. To this end, we prove the 
following corollary, which will be used to obtain a linear profile decomposition for 
the propagator e ltAn in the following section. 

Corollary 4.2 (Convergence of linear flows in L\° x ). Let fl n be as above and let 
f2oo be such that f2„ — > f2oo. Then 

hm ||e ltA <^ - e ltA ^|| L io (RxR3) = 
for all V> G C£°(Hmf2 n ). 
Proof. By Holder's inequality, 

|| e *tAn„^_ e «tA noc ^|| il0 < || e itA nn^_ e itA n ^^||l/3 || e itA nn ^_ e itA n ^^||2/3 _ 



The corollary then follows from Theorem 14.11 and the following consequence of 
Sobolev embedding: 

l|e itAn ^lk~ + lle^-VlUi- < 11(1 - AnJVlUr^ + 11(1 - AnJVlUr^ <v 1- 
Note that the implicit constant here does not depend on n, because the domains 
obey the interior cone condition with uniform constants. □ 



The proof of Theorem 14 . 1 1 will occupy the remainder of this lengthy section. We 
will consider three different regimes of behaviour for N n and x n . These do not 
exactly correspond to the three scenarios above, but rather are dictated by the 
method of proof. The first such case is when N n — > or d(x n ) — > oo. The limiting 
geometry in this case is the whole of R 3 . 

Theorem 4.3. Let il n = N n (fl — {x n }) and assume that N n — > or d(x n ) —> oo. 
Then 

hm ||e* tA "^ - e ltA ^|U ?L . (RxR 3) = 

for all ip G C^°(lhnfi„) and all pairs (q,r) satisfying - + 3 = | with 2 < q < oo 
and 2 < r < 6. 

Proof. By interpolation and the Strichartz inequality, it suffices to prove conver- 
gence in the symmetric Strichartz space q = r = To ease notation, we will 
simply write — A for — Ag3. 

Let be a smooth radial cutoff such that 



6(x) 



\x\ > 



and let X n{x) := 6 ( ) . 

Note that if N n — > then diam(f^) — > and so supp(l — x«) is a collapsing 
neighbourhood of the point —N n x n . 



On the other hand, if d(x n ) — > oo then we have j'^^'n") — > oo. As for x G 
supp(l — x«) we have dist(x, fi^) < \ diam(f^), this gives 

\x\ > dist(0,Q n ) - dist(x, Vl c n ) > dist(0, f2„) - \ diam(f^) ->• oo as n ->• oo. 
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Now fix -0 G C^°(lunil n ). From the considerations above, for n sufficiently large 
we have suppi/' C {i e I 3 : Xn(x) — 1}. Moreover, if N n — > or d(x n ) — > oo, the 
monotone convergence theorem together with the Strichartz inequality give 

lim 11(1 -Xn)e itA ip\\ io = 0. 

n^oo l|v M L t ^(RxR 3 ) 

We are thus left to estimate e ltActn ip — Xn.e i>- From the Duhamel formula, 



JtAs, 



^V = X„e ltA V + « / e l(i ' s)A!1 "[A,Xn]e' sA ^ S . 



Using the Strichartz inequality, we thus obtain 



(4.2) lle^V-Xne^Lv 



< 



To estimate the right-hand side of (|4.2p . we discuss separately the cases: (1) 
N n — > and (2) d(x n ) — > oo with N n > 1. In the first case, we estimate 



ll[A,x„]e ItA ^| 



< 



||A Xn || r¥ +||V X |U || e l£ ^ll r¥r + l|e ltzx V</>|| 

LJ LJ J L L. 7 I, 7 L° 



< 
< 



diam(r^) 2 + diam(r^ 



diam(Sl^) i° 



|e itA Vl 



JtA 



L 7 L° 



L 7 L° 



\e ttA ^\\ L m Lo 



HA 



V-0|| in 



LJ L° 



From the dispersive estimate and Sobolev embedding, 



(4.3) 



HA 



1>\\ 



< 



and similarly with ip replaced by V"0. Thus we obtain 



lim \\[A,Xn]e ttA ^\\ m 

n— >oo LJ ( 



= 0. 



Consider now the case N n > 1 and d(x n ) — > oo. Then 

\\[A, X nV tA 4>\\ LlL 2 < [||Axn||i- + l|Vx„||L~]||e ltA (V)0|| L i i , (dist(;c , n . ) ^„ ) 
< [N- 2 + N- 1 ] \\e itA (V)iP\\ LiL 2 idist(Xt ac^ Nn) . 
Using Holder's inequality and (|4.3j) . we obtain 

||e J * A (V)0|| L , (dist(;c ,ae)^„) <iv|||e ltA (V)0|| LS o <^ N$(t)-i. 
On the other hand, from the virial identity, 



MA 



U (t) 



and so, 



|| e ltA (V)V>||i,2 (dist^n^ )~v„) 



< 



1 



dist(0,O-)' 



Collecting these estimates we obtain 
||e ltA (V)i/'|| i i i 2( dist ( ;E:0 c ) ^ 7 v„) 



iin< 



it A 



Ll ^ 



N n d(x n ) ' 



o I <t> f ' N n d(x n ) 
<^ N n d(x n yi +mm{N r l,N- 1 d(x n y 1 } 



and so, 



\\[^,Xn]e itA ip\\ L i L 2<^d(x n ) s+N n 2 d(x n ) 1 -+0 as n -> oo. 
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This completes the proof of the theorem. 



□ 



Theorem 14.31 settles Theorem 14.11 for N n and x n conforming to scenario (i) in 
(|4.1j) . as well as part of scenario (ii). The missing part of the second scenario is 
N n d(x n ) — > oo with N n — ¥ oo and d(x n ) < 1. Of course, we also have to prove 
Theorem l4.1l for N n and x n conforming to scenario (iii), namely, N n d(x n ) — > doo > 
and N n oo. We will cover these remaining cases in two parts: 

(iv) N n -> oo and 1 < N„d(x n ) < N, 1 / 7 

(v) N n -> oo and N}J 7 < N n d(x n ) < N n . 

Note that in case (iv) the obstacle Vt n grows in diameter much faster than its 
distance to the origin. As seen from the origin, the obstacle is turning into a 
(possibly retreating) halfspace. By comparison, case (v) includes the possibility 
that the obstacle grows at a rate comparable to its distance to the origin. 

The two cases will receive different treatments. In Case (iv), we use a parametrix 
construction adapted to the halfspace evolution. We also prove that when the halfs- 
pace is retreating, the halfspace propagators converge to e ltA » 3 ; see Proposition ^. 51 
In Case (v), the parametrix construction will be inspired by geometric optics con- 
siderations and will require a very fine analysis. 

We now turn to the details of the proof of Theorem 14. II in Case (iv). 

4.1. Case (iv). After rescaling we find ourselves in the setting shown schematically 
in Figured] below, with e = A" 1 . This restores the obstacle to its original size. We 
further rotate and translate the problem so that the origin lies on the boundary 
of the obstacle, the outward normal is at this point, and the wave packet tjj 
is centered around the point Se3. Abusing notation, we will write il for this new 
rotated/translated domain. As before, we write EH = {(xi,X2,xs ) S R 3 : x 3 > 0}; 
by construction, dM is the tangent plane to fl c at the origin. Throughout this 
subsection, we write x^ := (xi,X2)', also x :— X2, — £3) denotes the reflection 



of x in dM. 




S 



— SUpp(-0e,,5) 




e 



FIGURE 1. Depiction of Case (iv); here e < 5 < e 6 / 7 and e -> 0. 



This subsection will primarily be devoted to the proof of the following 



Theorem 4.4. Fix ip € C£° (H - {e 3 }) and let 
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Then for any pair (q, r) satisfying ^ + 7 = 5 with 2 < q < 00 and 2 < r < 6 we 
have 

(4-4) \\e ltA ^^ E ,s - e UA ^ s \\ L , K(RxR3) -> 

as e — > with any 6 = 5(e) obeying e < 5 < e 6 / 7 . Here (1(e) is any family of affine 
images (i.e. rotations and translations) of CI for which H C 0(e) and cffl is the 
tangent plane to 0(e) at the origin. 

Theorem 14.41 gives Theorem 14.11 for N n and x n conforming to scenario (iii) in 
(|4.ip . Indeed, one applies Theorem 14.41 to the function ip(x) = ip(x + 63) with 
5 = e = N- 1 and 0(e) = R-\(l - {<}). 

With the aid of Proposition l4~5l below. Theorem 14 . 41 also implies Theorem 14. II for 

1 /7 

N n and x n conforming to scenario (ii) with the additional restriction that N n > 
N n d(x n ) — > 00. In this case, we apply Theorem 14.41 to the function i/j(x) = i/j 00 (x — 
pe^,) with p — sup{|ir| : x G supp(0)}, e = N~*, 6 — d(x n ) — ep, 0(e) = R^ l (Sl — 
{x* n }), and being any subsequential limit of -0 R n - As -0 -Rn - > ^00 in L 2 
sense, the Strichartz inequality controls the resulting errors. 

Proposition 4.5. Fix -0 G C£°(H — {e 3 }) and /ei 

x — 5e% 



ip e ,s(x) := e 2-0 



e 



TTien /or any pair (q, r) satisfying | + 2 — | im£/i 2 < g < 00 and 2 < r < 6 « 
ftawe 



ltA ^-e ItA « 3 e , 5 || i?i . (KxR3) ^0 



as e — > i/rai/i any <5 = (5(e) obeying | — > 00. 

Proof. We will prove the proposition in the special case q = r = -y . The result for 
general exponents follows from the Strichartz inequality and interpolation, or by a 
simple modification of the arguments that follow. 

Using the exact formulas for the propagator in R 3 and H and rescaling reduces 
the question to 

(4.5) \\e ltA ^A. s \\ m ^0 where i> e>s (y) = ib(y - f e 3 ). 

Notice that ip e> s is supported deeply inside the complementary halfspace R 3 \ H. 

For large values of t we estimate as follows: Combining the L\ — > dispersive 
estimate with mass conservation gives 

iie itA « 3 v^ii - < ir 3/5 n^,5iiiii^ni <0 ir 3/5 - 

We use this bound when \t\ > T := \fEJe to obtain 

/-OO 3 

For \t\ < T, we use the virial estimate 

||(y+ie3)e ltA * 3 0e,5||^ (K3) < \\(y+le 3 )$ e 4l 2JR3) +t^V$ E 4l im <^ §. 
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This together with the Holder and Strichartz inequalities gives 



"i t ^({|t|<T}xH) ~ 



HA 



_ „e" *'" l l 3 e,6\\i™>Ll({\t\<T}xK) 

S (!) f ll(y + f e 3K ;tAB3 <Ml! 



L~L2 ({ | t |< T}xH) ll^ll L 2 



<^ (|) 5 ->0 as e 
This completes the proof of the proposition. 



0. 



□ 



We begin the proof of Theorem 14.41 by showing that we can approximate f/'e.a by 
Gaussians. 

Lemma 4.6 (Approximation by Gaussians). Let tp € C^°(H — {ea}). Then for 
any r) > 0, < e < 1, and <5 > e £/iere exist -/V > 0, points {y^ n '}n=i <- ^> anc ^ 
constants {c n }^_ 1 C C swc/i £/ia£ 



A' 



i) E ,s(x) - ^2 c„(27re 2 ) J exp{- 



4£ 



^}-exp{-^|f^} 



< V- 



Here, y^ denotes the reflection of y( n ' in dM. Moreover, we may ensure that 
^2 \cn\ 1 and sup \y {n) - e 3 | < v ecT 1 , 

n 

n 

uniformly in e and d. 

Proof. Wiener showed that linear combinations of translates of a fixed function in 
L 2 (R d ) are dense in this space if and only if the Fourier transform of this function 
is a.e. non- vanishing. (Note that his Tauberian theorem is the analogous statement 
for L 1 .) In this way, we see that we can choose vectors <E R 3 and numbers c„ 
so that 

N 3 I*- - (r 

ip(x) - ^2 c n {2Ti)~ie~ JL ^~ 



< W 



Rescaling, translating, and combining with the reflected formula, we deduce 
immediately that 



N 



tp s ,s(x) - 1p £ ,s{x) ~ 2J C„(27T£ 2 



< V, 



L2(R3) 



where j/™- 1 = e8~ x z( n > + e 3 and c„ = c n when j/' n ) G H; otherwise we set = 
eS~ 1 z^ + e 3 and c„ = — c„, which ensures j/W G H. 

As ips,e{x) is supported wholely inside H, so ips,e(x) vanishes there. Thus the 
lemma now follows. □ 



By interpolation and the Strichartz inequality, it suffices to prove Theorem 14.41 
for the symmetric Strichartz pair q = r = Also, to ease notation, we simply 
write f2 for 0(e) in what follows. 

Combining Lemma 14.61 with the Strichartz inequality for both propagators e ltAs2 
and e itA " we obtain 



JtAn 



„itAa 



i>e,s\\ r J* 



L t 3 x (Kxfi) 
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N M 2 

< e Ml i eitAn ™ - eitAm M [e- J== s^- L - 

n=l 

AT 

Ec„(2tt£ 2 ) 

n=l 



E,(5 



4 e 



— 13 — 



L 2 (H) 



5xQ) 



Therefore, Theorem 14.41 is reduced to showing 



(4.6) [e ItA " X H 



AtA- t 



Xn] (27T£ 2 ) 4 [e 4 



ixQ) 



0(1) 



as e — 7- with any S — 5(e) obeying e < i5 < e 6 / 7 , and y as in Lemma T4. 61 

Next we show that we can further simplify our task to considering only i/eiof 
the form y — (0, 0, 1/3) in the estimate (|4.6[) . Given y € HI with | j/ — 63 1 < e<5 -1 that 
is not of this form, let denote the halfspace containing 5y with dM y being the 
tangent plane to 9f2 at the point nearest 5y. Moreover, let 6y be the reflection of 
Sy in dW y . Elementary geometric considerations show that the angle between <9H 
and dMy is O(e). Correspondingly, \5y — Sy\ < Se and so 



(4.7) 



e 2 \\e i? 1 



as e -> 0. 



As we will explain, f|4.6[) (and so Theorem 14.41) follows by combining (|4. 7[) with the 
Strichartz inequality and Proposition ^. 7l below. Indeed, the only missing ingredient 
is the observation that 



e 2 



-SyV 



-Syr. 



itAj 



y Xa y [e 



-«SI 



is o(l) as e — > 0, which follows from (14.71) and the exact formula for the propagator 
in halfspaces. 

Therefore, it remains to justify the following proposition, whose proof will occupy 
the remainder of this subsection. 



Proposition 4.7. We have 



x — Sy\ 



(4.8) [e UA " X w - e itA -xm] (2ire 2 )-* [e"^ 



l*-3»l 2 - 



txQ) 



0(1) 



as e — > with any 5 = 6(e) obeying e < 5 < e 6 / 7 , uniformly for y = (0, 0, 2/3) and 
7/3 in a compact subset of (0,oo). 



Proof. To prove (|4.8p . we will build a parametrix for the evolution in Q and show 
that this differs little from the evolution in H, for which we have an exact formula: 



(27re 2 ^- 4 * A * 



-Sy\- 



4 e Xu |e 4 ^ 2 — e 
for all t G M and We write 



x-6y\ 2 _ 3 , . 3 x-.Sy [£-££] . 

] = {2Tiy^( 7 ^- i ) 2 [e 4 (= 2 +«> - e 4 <= 2 +"> 



x) := (2ir 

and so for all t S K and 

(27r e 2 )-ie ltA -x H [e-^ 



e 2 + it 



1 

g 4(e^+it) § 



w(i, x) — u(t, x). 
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We start by showing that a part of the halfspace evolution does not contribute 



to the Ll J 3 
that 



We define 



norm. Let <f> : [0, oo) — > R and 9 
I'd, < r < \ 



be smooth functions such 



") = 



r > 1 



and 



-) = 



1, r < 
0, r>l. 



«(*,*) := [«(*,*)-«(*,*)] [l-0(^±M)6l(^)] X{a8 >_ 4} . 
We will prove that v is a good approximation for the halfspace evolution. 



v(t,x) = 



v(t, x) = u(t, x) — u(t, x) 




Figure 2. The role of the cutoffs defining v(t, x). The cutoff func- 
tion takes values between and f in the shaded region. We depict 
only one half of a cross-section; one obtains the full 3D figure by 
rotating about the a^-axis. 



Lemma 4.8. We have 



\\u(t,x) — u(t,x) — v(t,x)\\ 10 



0(1) 



as e — > with any 5 = S(e) obeying e < S < e 6 / 7 , uniformly for y — (0, 0, 2/3) and 
7/3 in a compact subset 0/ (0, 00). 



Proof. By the definition of v, we have to prove 



[u(t, x) — u(t, x)] <j) 



10 



o(l) as 



0, 



<H) 



which, considering the supports of <fi and 9, amounts to showing 

u(t,x)\\ 



(4.9) \\u(t,x)\\ M . 



x ± \>\/£/2, 0<x 3 <e) 



0(1). 



We only prove (|4.9p for u(t, x) with t € [0, 00); the proof for negative times and for 
u(t, x) is similar. 

Let T := e 2 log(^). We will consider separately the short time contribution [0, T] 
and the long time contribution [T, 00). The intuition is that for short times the 
wave packet does not reach the cutoff, while for large times the wave packet has 
already disintegrated. Thus, we do not need to take advantage of the cancelation 
between u(t,x) and u(t,x). 
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We start with the long time contribution. A simple change of variables yields 



|w(i, x)| 3 dxdt 



< 



3 V e 4 + t 2 



2 5e 2 \x-5yl 2 

e 6 < e4 + t2 > dx dt 



< 

For short times, we estimate 

i-T 



CO / 2 \ 2~2 



T \e 4 + t 2 



dt<e 2 / r 2 dt< log _1 (i). 
Jt 



"'|x- L |> v '£/2,0<a;3<e 



|u(t,x)| 3 dxdt < £ 



T, £ 2 



< 



e 4 + t 2 

£ Z X 2 



V2 



o U 4 + * 2 



o Ve 4 + * 2 



dt 



< £ 



100 



This completes to the proof of the lemma. 

In view of Lemma \A. 81 Proposition 14. 71 reduces to showing 



□ 



(4.10) (2TTe 2 yie ltAn xm[e~ ljL ^ L ~ - e 



To achieve this, we write 



3 A+A r \ x -&y\ \x-5\ 

{2ire 2 )~^e ltAn xu[e ^~ - e ^ 



^ I - v(t,a;) 



L t 3 x (Rxn) 



= o(l). 



u (t, x) — w(t, x) — r(t, x), 



where w is essentially v evaluated on the boundary of and r(t, x) is the remainder 
term. More precisely, 



j(t,x) := [u(i,x*) — u(t,x*)] 



1 - 



^1 + ^2 \ /, / ^3 



( ^dist(ai,ft c ) 



^{X3>-4}' 



where a;* denotes the point on dtt such that a;^ = x 1 - and x* denotes the reflection 
of a;* in dW. Note that for x € <9f2, we have 7o(i, a;) = u(i, a;). Thus, on K x f2 the 
remainder r(t, x) satisfies 

{id t + A n )r = (ift + A)(u - to). 
Therefore, by the Strichartz inequality, (|4.10[) will follow from 
(4.11) H| lo + \\{idt + A)v\\ L i L 2 {Kxn) + \\(id t + A)w\\ L i L 2 ARxn) = o(l). 

To prove (|4.11l) , we will make repeated use of the following 
Lemma 4.9. For a > 0, 



(4.12) 



\x^\<y/l 



e A + t 2 
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£ 



Figure 3. The shaded area indicates the support of w(t,x). As 
in Figure [2] we depict only one half of a cross-section. 

In particular, for a > 0, f3 > h, and 7 = min{3 — 4/3 + ^,2 — 3/3 + j}, 
1*00 

(4.14) 

Moreover, for i < (3 < 10. 



/ (e 4 + i 2 )^( / \x^\ a e~^+& dx 1 - ) dt<e'. 

\J\x^\<^ ' 



(4.15) ^V+^minjl, (^^r^f 



dt < e |- 3 ^. 



Proof. Passing to polar coordinates, we estimate 
LHSdSlD = 



e -W*W)r a+1 dr< 1 - 



< 



e 4 + t 2 



min< 1, 



e~-p a+l dp 

a+2 



which settles (|4.12[) . The proof of (|4. 13)) follows along similar lines. 
Using (I4.12j) . we estimate 

1+2 



LHSdSlD</ (e 4 + 1 2 )"' 3 mil 



e 4 + t 2 



Q + 2 

, e 4 > dt 



< 



(e 4 + eyP+^e-^ dt+ l~ (e 4 + t 2 )-^^ dt 



5, e 2 



-4/3+«+2 



^2,3+2+2^^^(1-20) 



£ ^ £ §(l-2/3) 



S±2 |(_ 2/ S+^+l) + 
< £ 3-4/3+f +£ 2-3,3+f _ 

To establish f)4. 15[) one argues as for (|4.14j) : we omit the details. 



□ 



We are now ready to prove (|4. 1 1|) . which will complete the proof of Proposi- 
tion 14.71 We will estimate each of the three summands appearing on the left-hand 
side of (|4.11|) . We start with the first one. 
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Lemma 4.10 (Estimate for w). We have 



(4.16) 



ixsi) 



Proof. We first obtain a pointwise bound for w. Note that on the support of w, 



b-H < £5. 



e, and 1 07*3 1 < jx^l 2 < e, 



where the last two estimates follow from the finite curvature assumption. Here we 
use the notation re* 3 := • e%. Thus, using the fact that \x* — Sy\ = \x* + 8y\ and 
the mean value theorem, on the support of w we have 



g 4(e 2 +it) _ g 4(e a +it) 



,3 + e V3\' 



g 4(e 2 + it) ( g 4(e 2 +tt) _ g 4(e i! 4-it) 



< g 4(e*+*<) 



|*. 3 | 



(4.17) 
Therefore, 



1 e 2 |^| 2 

<<5(e 4 + < 2 ) 2 \x ± \ 2 e 



(4.18) |«j(t,a;)| < \u(t,x*)-u{t,x*)\ <fei(e 4 + t a )-*|ar L | 2 e~feM , y. 

10 

To control the L/^, norm of w we use (14.181) together with (14.12[) . as follows: 



|iu(t, x)| 3 dx dt < 8 3 e 3 
n "Jo 



<8%e-i 



1 \ — 

~i \ 6 



£ 4 + t 2 



e 6( ^+^) jx^l^ 1 da;- 1 - dt 



k x l<£- 



~i \ 6 



£ 4 + t 2 



£ 4 + t 5 



1 \ — 



, £ 3 > dt 



< d 3 £ 3 



5, 8 3 e 3 . 



(£ 4 + t 2 )Hdt + ^£* / (£ 4 + t 2 )-*dt 



□ 



This completes the proof of the lemma. 
Lemma 4.11 (Estimate for (idt + A)t>). We have 
(4-19) ll(*ft + A)«|Uj iS(Rxn) <fe"f. 

Proof. Using the definition of t>(t, x), we compute 
(ift + A)«(t )a ;) = (idt + A){[u(t,x) - u(t,x)] [1 - )]x { * 3 >_± } } 

(4.20) = [u(t ) x)-u(t,x)]A{[l-cl } (^)e(f)] X{x ^_ i} } 

(4.21) + 2V [lifts) - u(t,x)] • V{ [1 - ^^Mf)]*^-!}}- 

We first consider the contribution of (I4.20j) . A direct analysis yields that for 
x G fi in the support of (|4.20j) . 

|x 3 |<£, |* X |>v^A and |a{[1-«^^)0(^)] X{:C3 >_ |} } 
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Thus, by the mean value theorem 
(4.22) 

This yields the pointwise bound 



e m^+u) _ e 



< p 4( e * + t^) . 



S\x 3 \ 



i _£il£±ii 



(4.23) (14201) < £- 2 |u(t,a;) -u(t,x)| < de^ (e 4 + t 2 )-^e~ ^*+*) . 

Using (14331) followed by (g35| (with a = 0) and (|4TT5|) (with /3 = |), we obtain 



IIWII 



L 4 L 2 (Rx£"2) 



< £ 2fc5 / ( e 4 + t 



4 

2|„J-|2 



I x 

e" 2 <- 4 + t2 ) dx- 1 ) dt 
dt 



<<*/ (£ 4 + < 2 )" 



'|x- L |> > /e/2 

' " "'2 mil J 1, 



e 4 + t^ 10 



< fc 4 . 

We now consider the contribution of f|4.21[) . For x G £1 in the support of (|4.21l) , 
we have 

M<£, |* X |>V^A and |v{ [l - <j>(^)e{?f)]x {x3 >- h} } 
Using that \x — Sy\ = |S — Sy\, we compute 



-Syr 



V e 4 ' E ' 2 + it ) - e 4 <e 2 +") 



x — Sy 
2(e 2 + it) 
x 

2{e 2 + tt) 

Sy3 e3 
2(e 2 + it) 



-5«i 2 



g 4(s^+it) _|_ 



x — Sy 
2(e 2 + it) 

M 2 — |- 



; 



g 4(H+it) 



g 4(<H4-it) _ g 4( E - ! +it) 

_ g~^y| 2 g — <5y| 2 



g 4(H+*t) _|_ g 4(e^ + it) 



Thus, for x G SI in the support of (14.211) we have 
| V [it(t, x) — u(t, 5)] | 



< 



eS 



e 4 + t 2 J l^TTi 



< 



{ £ i<J(e 4 + t 2 )-i +eh(e* + t 2 )-i\x x \+ei6(s 4 + t 2 )-i\e 

< {eiS{e 4 + t 2 )-i +e%S(e 4 + t 2 )-i\x ± \}t 
which yields the pointwise bound 

I dHID I < [eU(e 4 + t 2 )-i +eh(e 4 + t 2 )-i\x ± \y 
Using (|4.13j) followed by (|4.15[) . we estimate the contribution of ()4.2ip as follows: 



\\mn\\LimR.n)<e^-i6 / (s 4 +t 2 r 

Jo 

poo 

+ ehh (e 4 + t 2 ) 



T^t) dx x I dt 



l^l>V e / 2 
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<S j (e 4 + **)-* mini 1, 



dt 



This completes the proof of the lemma. □ 

Lemma 4.12 (Estimate for (id t + A)w). We have 

(4-24) \\(id t +A)w\\ LlLUMxQ) <6s-i+S 3 e- 2 . 

Proof. We compute 

(id t + A)w 

(4.25) = {(id t + A)[u(t,x*) -u(t,»,)] 

(4.26) + 2V a;*) - u(t, ar»)] ■ V 

(4.27) +[tt(t ) x0-tt(*,5.)] ^}[l-4>(^)e(^)]9(^^) X{x ^_ i} . 

We first consider the contribution of (|4.27|) . Using (|4.18[) . we obtain the pointwise 
bound 

16231 < fe-2( e 4 + t 2 )-i\x ± \ 2 e~^^. 
Thus using (|4.14p and the fact that |a?3 1 < e for a; G suppw, we obtain 

r°° . f r \ i 

H62BIUiL2(Rxn)<f / (e 4 + t 2 )-*( Ix^e ^^dx ± ) dt<Se-*. 

JO \J\x±\<^ J 

Next we consider the contribution of (|4.26p . As ^* = o, V[u(i, a;*) — a;*)] 
has no component in the e3 direction. For the remaining directions we have 

Vj_ [u(t, a;*) - u(i, as*)] = 2 ^+u) K *) ~ 

" (V±^)[fgq^u(*,s.) - 0^u(t,x*)]. 

Using (|4.18[) . | V j_a;^ 3 1 < \x ± \, and \x^\ < e, we deduce 

|Vx[«(t,a;») -«(*,»*)] | £ [fc l (e 4 + t 2 ) _5 |x ± | 3 + 5£5( £ 4 + t 2)-||^±|j e -^^y_ 
This gives the pointwise bound 

1(0211 < [<5e*(e 4 + t a )-i|s ± | a + *ei(e 4 +t 2 )-5|ar L |]e~^y'). 
Using (I4.14p . we thus obtain 

II » II lIli (txo) <£<5 / (e 4 + t 2 )-(l \x^e^^dx^) dt 



\x x \<-/S 

+ e5 r [e 4 + t 2 )-i( ( |ar L | 2 e~55^T da; x ) d< 

Jo \V|a;- 1 -|<. N /e 
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Lastly, we consider (|4.25|) . We begin with the contribution coming from the 
term dt\u(t,x*) — u(t,x*)\, which we denote by ([4.25|) 3 . We start by deriving a 
pointwise bound on this term. A straightforward computation using (|4~l"7l) yields 

\d t [u(t,x*) - u(t,x*)] | 

-M 2 



< 



(£ 4 + i 2 )f 

e 2 



-Sy\ z 



g 4(e 2 +it) _ g 4(e^ + it) 
1 



. e 4 + t 2 J e 4 + t 2 
< [eHe 4 + t 2 yi +e?(e' l + t 2 ri\x ± \ 2 



| at, - <fy| e - |x* - <5y| 2 e 4 <^+«) 



i»«-f»r 



-Syr 



.2,„J.,2 



'4(e*+t») 



g 4(<H+it) _ g 4(£^ + it) 

|£*3— SysT 



\x* 3 - 8y 3 \ 2 e~ - |x*3 + 52/ 3 | 2 e~ ^+«> 

+ ei(e 4 + t 2 )-ie~^£ [s\x* 3 \ + (\x* 3 \ 2 + S 2 )S{e 4 + t 2 )"^!*] 



5e%(e 4 + t 2 )-i |^| 2 + 5e%(e 4 + i 2 )~i |a^| 4 + et<5 3 (e 4 + i 2 )^ ja:^ 2 



where in order to obtain the third inequality we have used the identity 2(ab— cd) = 
(a — c)(b + d) + (a + c)(b — d). Using (|4.14p as before, we obtain 

IKBUJaJUliKKxn) < Se-i + Se~i + S 3 £ - 2 < Se~i + 5\~ 2 . 

We now turn to the Laplacian term in (|4.25[) . which we denote by (|4.25j) A . For 
a generic function / : R 3 — > C, 

(4.28) A/(z*) = [A ± f+2(V M y(V ± d 3 f)+{^M)(d 3 f)+\V M \ 2 {d 2 f)]{x ir ). 

Using this formula with f(x) :— u(t,x) — u(t, x), we first derive a pointwise bound 
on (14.25|) A . 

A direct computation gives 

l™-L|2 



(A±/)0r*) 



1 



[u(t,x*) — u(t, x*)] . 



e 2 + it 4(e 2 + it) 2 
Therefore, using (|4.18l) we obtain the pointwise bound 

| (A x /)(x*)| < [Sei (e 4 + t 2 )~i |z x | 2 + fei (e 4 + t 2 )-^ \x^\ A ] e 

Next, we combine |Vj_x*3| < {x- 1 ] with 

m q *\r \ (x*3-Sy 3 )x ± (x^ + Sy^x 1 - _ 
(V_l<9 3 /)(x*) = u(t,x«) ufos*), 



4(e 4 + t^) 



4(e 2 + rf) 2 

1**3 1 ^ l^| 2 ; (HUH), and the crude bound 



4(e 2 + itf 



(4.29) 
to obtain 



\u{t,x*)\ + \u{t,x*)\ <£*(e * + t z )-Te 



(V x x* 3 ) ■ (V X S 3 /)| < [Ss^(e 4 + t 2 )-i\x x \ 6 + Ss^(e 4 + t 2 )-i\x x \ 21 
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Next we use | A_lx*3 | < 1 and \x*3 ±5y\ < 6 together with elementary computa- 
tions to find 

\(A M )(d 3 f)\ <fei(e 4 + i 2 )-t e -OT^. 
Toward our last pointwise bound, we compute 



-1 . \%*3 - 5y3\ 2 



2{e 2 + it) A(e 2 + it) 2 



u(t, x*)- 



2(e 2 + it) ' 4(e 2 + it) 2 



2 



- + 



Combining this with (|4TTgj) . (|4~2"gi) . |V±a;*3| < and |a;* 3 | < kT < e < <5 
yields 

||v^3| 2 (a 3 2 /)(^)| 

< [fe^(e 4 + t 2 )-^^! 4 + ^(e 4 + i 2 )-^^ 4 + fei(e 4 + t 2 )~5 | 2 ] e - ^^ 1 ^ . 

We now put together all the pieces from (I4.28[) . Using |a; | 2 < S < 1 so as to 
keep only the largest terms, we obtain 

| A/tar.) | < [Se^e 4 + t 2 )-i +6e^e i + t 2 )-i\x ± \ 2 + Se^e 4 + t 2 )-^x ± \ i ]e'^+^ . 
Using (I4.14j) as before, we thus obtain 

W^MaWlIlukxSi) <S + Se-i +Se~i <5e~i. 
This completes the proof of the lemma. □ 

Collecting Lemmas 14.101 14.111 and 14.121 and recalling that e < 5 < e 6/r , we 
derive (|4.11[) . This in turn yields (|4.10[) . which combined with Lemma 14.81 proves 
Proposition ^. 71 □ 

This completes the proof of Theorem 14. 41 and so the discussion of Case (iv). 

4.2. Case (v). In this case we have N n — > oo and N n 6 ^ 7 < d(x n ) < 1. As in 
Case (iv), we rescale so that the obstacle is restored to its original (unit) size. 
Correspondingly, the initial data has characteristic scale e := N~* — > and is 
supported within a distance 0(e) of the origin, which is at a distance 5 := d{x n ) 
from the obstacle. A schematic representation is given in Figure 2] There and 
below, 

(4.30) Ve(x) :=£- 3/2 V(f)- 

In this way, the treatment of Case (v) reduces to the following assertion: 

Theorem 4.13. Fix ip G C~(R 3 ) and let tp s be as in (|4.30|) . Then for any pair 
(q, r) satisfying - + 2 = | with 2 < q < oo and 2 < r < 6, we have 

(4.31) ||e ltA ^)^-e ltA ^|| i? Ls(Kx R 3)->0 as e -> 0, 

for any e-dependent family of domains f£(e) that are a ffi ne images of f2 with the 
property that 6 := dist(0, Q{e) c ) > e 6/J and 5 < 1. 

We now begin the proof of Theorem 14.131 By interpolation and the Strichartz 
inequality, it suffices to treat the case q = r = By time- reversal symmetry, it 
suffices to consider positive times only, which is what we will do below. To ease 
notation, we write il for f2(e) for the remainder of this subsection. 

The first step in the proof is to write ip £ as a superposition of Gaussian wave 
packets; we will then investigate the evolution of the individual wave packets. The 
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-supp(V> £ ) 



Figure 4. Depiction of Case (v); here e 6 ^ 7 < 5 < 1 and e — > 0. 



basic decomposition is given by the following lemma. The parameter a denotes the 
initial width of the Gaussian wave packets. It is chosen large enough so that the 
wave packets hold together until they collide with the obstacle. This ensures that 
they reflect in an almost particle-like manner and allows us to treat the reflected 
wave in the realm of geometric optics. Indeed, the particle-like regime lasts for 
time ~ er 2 , while the velocity of the wave packet is 2£ = ^S, which is ~ for 
the dominant terms, up to double logarithmic factors (cf. (|4.34p ). As the obstacle 
is S away from the origin, it takes the dominant wave packets time ~ Se to reach 
the obstacle (up to loglog(-) factors), which is much smaller than a 2 = fclog 2 (-). 
Moreover, a is chosen small enough that the individual wave packets disperse shortly 
after this collision. In addition to the main geometric parameters e and 5, we also 
need two degrees of small parameters; these are [log(i)]" 1 and [loglog(i)] -1 . 

Lemma 4.14 (Wave packet decomposition). Fix ip £ C^°(R 3 ) and let < e <C 1, 

a := VeS\og(^) and L := a log log(~). 

Then there exist coefficients {Cn} n £Z 3 so that 

I to 

X 



(4.32) 



M*) - c "( 27rfj2 ) f ex p{- 



as e — > 0. Moreover, 



(4.33) 



< 



/it: 



FT 
4a 2 



in ■ 



= o(l) 



L 3 



min< 1 



\e\n\J 



for all k £ N 



and (|4.32l) remains true if the summation is only taken over those n belonging to 

1 



(4.34) 



S 



n£lf 



^~ L- 



eloglog(i) L 
Proof. For n £ Z 3 , let 

7 n (a:) := (27T(7 2 )-t exp{-g + m ■ f }. 
Note that ||7 n ||z2(ii3) = 1- We define 

t* := (2nL)- 3 f ^ e (x)(2na 2 )i exp{g -in-%}dx. 

J[-TrL,TrL] 3 
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Then by the convergence of Fourier series we have 

(4.35) 4>e(x) = E c*kln(x) for all x G [—ttL, ttL] 3 . 

neZ 3 

Taking e sufficiently small, we can guarantee that supple Q [ — ^jS ^] 3 - Thus, to 
establish (|4.32j) we need to show that outside the cube [—ttL, ttL} 3 , the series only 
contributes a small error. Indeed, let k E Z 3 \ {0} and Qk := 2irkL + [— ttL, ttL} 3 ; 
using the periodicity of Fourier series, we obtain 

E C »T" 



|^)| 2 exp{^-M±^ }( fa, 



L 2 (Qk) J[-TrL,TrL] 3 

As on the support of ip e we have \x\ < \kL < j\2nkL\, we get 
E C «T« T2<n , ~ II^III^b) exp{-^^}. 



nGZ 3 



Summing in k and using (|4.35l) . we obtain 



C nlr, 



< 



L 2 (R3) 



E IE 



li 2 (Qfc) 



feez 3 \{o} nGZ 3 



fcez 3 \{o} 

= o(l) as e —> 0. 



This proves (|4T32|) . 

Next we prove the upper bound (|4.33[) . From the definition of c e n , we immediately 
obtain 



\c £ J < ^\\ip £ (x)e [ 



< 



L 3 nrsv-V- - llii(R3) ~ £ 3 • 

To derive the other upper bound, we use integration by parts. Let D := i-^ ■ V; 
note that B k e~ in T = e~ m T . The adjoint of B is given by D* = -iV • We thus 
obtain 



141 = (2ttL)- 



(2ttL)- 



fc e^ m *7/. e (x)(27ra 2 )te^rfa; 
(B*) & [ e -|^(J)(27ra 2 ) 



e 



3 W 

4 g 4a 



dx 



^(u)'(;)' E H*(! 



e 4 <T- 



|q|</c 

^- 3 (^)'(f)^' 



< 



(ecr)i ( L \ k 



(e\n\) 



L 3 \e\n\ 

This proves J03]). 

To derive the last claim, we first note that 



(4.36) 



J„(x)j m (x) dx = e 5^'™ m| 
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Now fix N G N. For n < N, we use the first upper bound for c e n to estimate 



| y ] c n1n 
\n\<N 



< 



L 2 (R3) 



(aef 



|n|,|m|<iV 



For n > N, we use the second upper bound for (with k = 3) to estimate 



|n|>iV 



< 



L 2 



(ere) 3 /L^e 



(7) E 



\n\>\m\>N 



1 1 

|n| 3 |m| 3 



e 2i 



- |n— m| 



-) 3 y - 

£ J ^ \m, 

\n\>\m\>N ' ' 

(f) 3 (§) 3 E s 



e 2i 



- |n— m| 



|m|>Af 



<. 



(A) 3 . 

VeiVV 



Thus, 
(4.37) 



E 



C„7n 



M<- 



|n|>|loglog(|) 



<^ [loglog(i)]- 3 = (l) 



Hog log(i) 

as e — > 0. This completes the proof of Lemma T4. 141 



□ 



Combining the Strichartz inequality with Lemma 14.141 proving Theorem 14.131 
reduces to showing 



^4[e^(lo7n)-e rfA « 3 7«] 



n£S 



o(l) as e — > 0. 



Recall that the linear Schrodinger evolution of a Gaussian wave packet in the whole 
space has a simple explicit expression: 



u n (t,x) := [e lt ^ ln ](x) = 
where := y. 



1 



(27r)t W 



expjia; • £„ - it|£ 7 



2 |jc 2£ n i| 



4(a 2 +rf) J' 



Definition 4.15 (Missing, near-grazing, and entering rays). Fix n £ S. We say 

u„ misses the obstacle if 



dist(2i£„,f2 c ) > 



|2t£„ 



[loglog(i)] 4 



for all t > 0. 



Let 



A4 = {n £ S : u n misses the obstacle}. 

If the ray 2t£ n intersects the obstacle, let t c > and x c = 2t c £ n £ dfl denote the 
time and location of first incidence, respectively. We say u n enters the obstacle if 
in addition 



> [loglog(i)]- 4 , 



where v denotes the unit normal to the obstacle at the point x c . Let 
£ = {n £ S : u n enters the obstacle}. 
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Finally, we say u n is near-grazing if it neither misses nor enters the obstacle. Let 

Q = {n € S : u n is near-grazing}. 

We first control the contribution of the near-grazing directions. 

Lemma 4.16 (Counting Q). The set of near- grazing directions constitutes a van- 
ishing fraction of the total directions. More precisely, 

#g < [iogio g (i)r 4 #s < (j) 3 pogiog(i)] _1 - 

Proof. We claim that the near-grazing directions are contained in a neighbourhood 
of width (9([log log(i)] -4 ) around the set of grazing rays, that is, rays that are 
tangent to dQ. We will first verify this claim and then explain how the lemma 
follows. The objects of interest are depicted in Figure [SJ Two rays are show, one 
which collides with the obstacle and another that does not. The horizontal line 
represents the nearest grazing ray. The origin, from which the rays emanate, is 
marked O. 






D ^^^^^^ 


— — - L^L_ 

X 





Figure 5. Near-grazing rays. 



For rays that collide with the obstacle, the condition to be near-grazing is that 
sin(0) < [log log ( -j)] -4 - Here <f> is the angle between the ray and the tangent plane 
to the obstacle at the point of collision. Convexity of the obstacle guarantees that 
4> > 9. From this we deduce < [log log (-j)] -4 , in accordance with the claim made 
above. 

Let us now consider rays that do not collide with the obstacle. We recall that 
to be near-grazing in this case there must be some time t > so that X = 2£i is 
within a distance 2|£|f[loglog( ^)] -4 of a point P on the obstacle. Then 9 < tan# < 
\qx\ — [l°gl°g(j)] -4 - This finishes the proof of the claim. 

The set of directions corresponding to grazing rays is a smooth curve whose 
length is uniformly bounded in terms of the geometry of fl alone. Moreover, we have 
shown that all near-grazing directions lie within a neighbourhood of this curve of 
thickness 0([log log( -j)] -4 )- Noting that the directions {-^ : n € S} are uniformly 
distributed on the sphere and much more tightly packed than the width of this 
neighbourhood, the lemma follows from a simple area estimate. □ 

Proposition 4.17 (The near-grazing contribution). We have 



|^4[e^(l fi7 , 
neg 



io = oil) as e 0. 
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Proof. From the Strichartz inequality, it suffices to prove 

Vlc^7 n =o(l) as e^O. 

Using ()4.33|) . (|4.36|1 . and Lemma |4.16| we estimate 

which converges to as e — > 0. □ 

We now consider the contribution of rays that miss the obstacle in the sense of 
Definition 14.151 

Proposition 4.18 (Contribution of rays that miss the obstacle). Assume n e M. 
Then 

(4-38) ||e ltA "(ln7n)-^ll m < e 100 

L t 3 x (RxR3) 

for sufficiently small s. Furthermore, we have 

(4.39) II Y, 4[e** A "(lo7n)-«„] ™ = o(l) as e -► 0. 

neM t,x 

Proof. We first notice that (|4.39|) is an immediate consequence of (|4.38p . Indeed, 
using the upper bound (|4.33[) for c £ n , we estimate 

\\E<[e^(^ n )-u n ]\\ Lf < £ 

neM |n|<|loglog(i) 

<(a £ )i e 97 [loglog(i)] 3 =o(l). 

We are thus left to prove (|4.38|) . 
As u n misses the obstacle, we have 

(4.40) dist(2t£„,ft c ) > i(5[loglog(i)]" 4 for all t > 0. 

Indeed, when |2i£„| < f, the triangle inequality gives dist(2i£ ra , fl c ) > |; when 
|2i£„| > |, this bound follows immediately from Definition 14. 151 

Now let x be a smooth cutoff that vanishes on the obstacle and equals 1 when 

dist(a;,O c ) > 51og _1 (i). 

This cutoff can be chosen to also obey the following: 

(4.41) iVxI^logti), |A X | <r 2 log 2 (i), |supp(A X )|< ( 51og- 1 (i). 
From (I4.40[) and the triangle inequality, we obtain 

dist(2^„,supp(l - X )) > dist(2^„,ft c ) - <5bg _1 (i) 

(4.42) > ±<5[loglog(±)]- 4 - tfbg- 1 ^) > i<5[loglog(i)]- 4 . 
Moreover, when \t\ > a 2 , we observe that 

dist(2^„,supp(l - X )) > dist(2te„,r! c ) - Slog- 1 (I) 

(4-43) > -— * > 



[bglog(i)] 4 log(i) " [bglog(i)]^ 
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Here we have used the fact that S <C \2t£ n \ f° r t> a 2 . 

With these preliminaries out of the way, we are ready to begin proving (|4.38[) . 
By the triangle inequality, 

(4.44) LHSgjHl) < ||e itA "(lo7n) - XU n \\ u 



to + YWn — U n \\ 10 

„ t ^(RxR 3 ) Lj(lxl 3 ) 

We begin with the first term on the right-hand side of (|4.44|) . Using the Duhamel 
formula, we write 

e itAn (lfi 7 ») " XUn = e itAo (ln 7 ») - e ltAn (x7«) + e ltAf! (x7«) - X«n 

= e ltAn [(In - xhn] + i [ e^-^" [A X u n + 2V X • Vu n ] da. 
Jo 

Similarly, for the second term on the right-hand side of (|4.44[> we have 

(1 - xK = e ltA (l - xhn + i f e l ^ A [A X u n + 2V X ■ V«„] (s) ds. 



Thus, using the Strichartz inequality we obtain 
(4.45) 

LHSgSHD ^ IK 1 - x)7«IIl 2 (r 3 ) + ll A X"n||LiL2(RxR3) + II Vx ■ Vu n || L i L 2 ( 
The first term on the right-hand side of (14.45[) can be easily controlled: 



ll(l-X)7n||£2(R3) <<r 3 



e dx 



ipp(l-x) 



< 



< 



a 3 cr 3 exp|- 

ex f 52 } 

6XP l teS\ae 2 (±)} 



dist 2 (0,supp(l-x))' 



4cr 2 



To estimate the remaining terms on the right-hand side of (|4.45l) , we first observe 



that 



|V„„| \ L ,\\a n \+^J^\u n \< [Itnl+v- 1 ] 



As a- 1 < |£ n | < ^Mil, we obtain 



(4.46) 



|Un| + |VuJ < 



vV 4 + t 2 

bti 

loglog(|) / a 2 



a 4 + t 2 



4 cr* \x-2£ n tl 



e \(J i + t 2 / 

To estimate the contribution of these terms, we discuss short and long times sepa- 
rately. For < t < a 2 , we use (|4.42p to estimate 

\\ u n\\L\Ll{t<a 2 , a;esupp(l- X )) + 1 1 Vu„ | \ L 1 L 2 ( t < CT 2 _ a; es upp(l- x )) 



loglog(i) 2 ( a 2 
< —a sup —. r 

e 0<t< o - 2 \ cr +t 



l0gl0g(i) 2 

< —a sup 

£ 0<t<(T 2 



exp 



I 8(a 4 + t 2 ) J 



L2( SU pp(l-x)) 



cxp<^ 



r 4-2^1 

I 16(cr 4 + t 2 ) J 



16( 



L~(supp(l-x)) 



< 



— ct exp 



£ log 3 (i) 
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< £ 



110 



For \t\ > c 2 , we use (|4.41l) and (|4.43[) to obtain 

\\ u n\\L\Ll(t>a 2 , zesupp(l-x)) + 1 1 1 1 L\ L\ (t>a 2 , :resupp(l-x)) 

< [flog-^i^HKI + IVUnl" 



< 



< 



(52(72 loglOg(~^ 



elog5(|) 
$ha? log log(|^ 



i 2 exp< 



lLjL~ (t>er 2 , xSsupp(l-x)) 

a 2 dist 2 (2^ n ,supp(l-x)) ^ 
8(<r 4 +i 2 ) J 



elog2(i) 



exp 



HI 



< £ 



110 



Putting these two pieces together, we find 

l|Ax«ri||LiL2(RxR 3 ) + || Vx ' Vn„ \\ L i L 2 (E 

This completes the proof of Proposition 14. 181 



3)<<r 2 log 2 (±)£ 110 <£ 100 . 



□ 



In order to complete the proof of Theorem 14. 131 we need to estimate the contri- 
bution from the Gaussian wave packets 7„ that collide non-tangentially with the 
obstacle, that is, for n € £. This part of the argument is far more subtle than the 
treatment of n € Q or n E Ai. Naturally, the entering wave packets reflect off the 
obstacle and we will need to build a careful parametrix to capture this reflection. 
Moreover, the convexity of the obstacle enters in a crucial way — it ensures that 
the reflected waves do not refocus. 

The treatment of the entering rays will occupy the remainder of this subsection. 
We begin with the simplest part of the analysis, namely, the short time contribution. 
Here, short times means well before the wave packets have reached the obstacle. 
The estimate applies equally well to all wave packets, irrespective of whether n e £ 
or not. 



eS 



Proposition 4.19 (The contribution of short times). Let T := r 

lOloglog(i) 



The 



(4.47) 



„itAr 



(ln7n) 



£ t 3 x([0,T]xl 



0(1) 



0. 



Proof. Let x be a smooth cutoff that vanishes on the obstacle and equals 1 when 
dist(a;,ft c ) > ^. This cutoff can be chosen to also satisfy 

(4.48) |Vx| < and |A*| < <T 2 . 

Moreover, for t G [0,T] we have 

eS loglog(|) 1 



|2i£ n | < 2 



101oglog(|) 



and so 
(4.49) 



dist(2tf n ,supp(l - x)) > |<5 for all t € [0,T]. 

The proof of this proposition is almost identical to that of Proposition ^. 181 with 
the roles of (|4.42l) and (|4.43p being played by (|4.49|) . Indeed, using the Duhamel 
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formula and the Strichartz inequality as in the proof of Proposition I4.18[ 



JtA n 



(lfl7n) - Un\\ M r , 

L t 3 x ([0,T]xR3) 

<|e^(l,7:)-FJ ii!{MxK3) 



\xu n -u n \\ w 

L t ^([0,T]xR 3 ) 



11(1 — x)7nlU 2 (K3) + I|Axm„||lil2( [0iT ] xR 3) + || Vx • Vu n || L i L 2([ 0) r] xH 3). 
The first term is estimated straightforwardly 



ll(l-X)7n| 



2 

L 2 ( 



< 



e 2^" <ix 5, 



di3t 2 (0, B upp(l- X )) 



< e Te? 3 " < e 



'supp(l-x) 

For the remaining two terms, we use (I4.46[) and (|4.49l) to estimate 

ll u n|lL t 1 L2([0,T]xsupp(l- x )) + II ^ u n \\ L\L\ ([0,T] xsupp(l-x)) 

< S sup 



*G[0,T] V ' 



i|(supp(l-x)) 



< (5 sup 
te[o,T] 



< (5 sup exp-^ - 
te[o,T] 



Lj°(supp(l-x)) 

a 2 dist 2 (2^»,supp( l-x)) j 



32cr 4 



,110 



< Se 128<r 2 < £ 

This implies 

||Ax«n||z,!£J([0,T]xR3) + || VX ' VttnlliliSfp.TlxKS) ^ tf~V 10 < £ 

Collecting these estimates and using (|4.33[) we obtain 



100 



LHSgHJ) < ^ 



(gg) 2 -100 

L 3 



o(l) as e 



0. 



This finishes the proof of Proposition 14.191 



□ 



Now take n € £ 1 which means that the wave packet u n (t, x) enters the obstacle. 
We write t c for the first time of intersection and x c — 2t c ^ n for the location of 
this collision. Naturally both t c and x c depend on n; however, as most of the 
analysis will focus on one wave packet at a time, we suppress this dependence in 
the notation. 

We approximate the wave generated by u n reflecting off dfl by a Gaussian wave 
packet v n (or more accurately by — v n since the Dirichlet boundary condition inverts 
the profile), which we define as follows: 

v n (t,x) :=(^-) 4 .^ etS ^ 3 [dct(S + i(t - t c ))]~* cxp\i{x - x c )r) - it^ 2 



(4.50) 



+ ix c ■ £ - \{x - x(t)) T (Z + i{t - Q)- 1 ^ - i(t))}, 



where for simplicity we write £ = £„. The parameters ry, which represents the 
momentum of the reflected wave packet, and E, which gives its covariance structure, 
will be specified shortly. Correspondingly, x(t) := x c + 2rj(t — t c ) represents the 
center of the reflected wave packet. 
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We define an orthonormal frame (r, 7, v) at the point x c £ 9f2, where r, 7 are 
two tangent vectors to <9f2 in the directions of the principal curvatures and 

is the unit outward normal to the obstacle. Note that the obstacle being strictly 
convex amounts to 1 < R\ 1 R2 < 00. Without loss of generality, we may assume 

Ri < R 2 - 

With this frame, we define r\ := £ — 2(£ • v)v as the reflection of £, in accordance 
with the basic law of reflection, namely, the angle of incidence equals the angle of 
reflection. In this frame, is defined as follows: 

(4.51) £ _1 = 1 . Id + iB, 



it c 



where 




B 



and 

m : = n ■ t = £ • f =: £1 

m ■= v • 7 = f • 7 = : 6 

m : =V v = v=: -£ 3 = ||£ - 77 1 . 

The matrix i? encodes the additional spreading of the reflected wave packet induced 
by the curvature of the obstacle; incorporating this subtle effect is essential for the 
analysis that follows. The structure of the matrix B captures the basic rule of 
mirror manufacture: the radius of curvature equals twice the focal length. 

Lemma 4.20 (Bounds for collision times and locations). For rays that enter the 
obstacle, we have 

6<0, |6| > |£|[loglog(i)]- 4 , and S<\x c \<S[\og\og(^)} 8 . 

In particular, S]^ 1 < 2t c < S^]' 1 [loglog(|)] 8 . 

Proof. The first inequality simply expresses the fact that the ray approaches the 
obstacle from without. The second inequality is an exact repetition of n G £ as 
given in Definition ^. 151 The lower bound on \x c \ follows directly from the fact that 
5 = dist(0,ft c ). 

The proof of the upper bound on \x c \ divides into two cases. When 6 > 
[loglog(i)]" 8 , the result follows from \x c \ < dist(0, n c ) + diam(O c ) < 1. 

It remains to consider the case when S < g^[loglog(i)]~ 8 for some fixed large 
C = C(ft). By approximating dfl from within by a paraboloid, this case reduces 
to the analysis of the following system of equations: 

y = mx and y — Cx 2 + S with m > [loglog(j-)]~ 4 . 

The first equation represents the ray, whose slope is restricted by that permitted 
for an entering ray. (Note that the convexity of the obstacle implies that the angle 
between the ray and dQ is larger than the angle between the ray and the axis 
y = 0.) Using the quadratic formula, we see that the solution obeys 

2<5Vl + m 2 (5Vl + m 2 



,2 _ 



m + \Jm 2 - ACS m 
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where we used the restriction on S in the last step. □ 

Lemma 4.21 (Reflected waves diverge). For j — I, 2, let x^'{t) denote the broken 
ray beginning at the origin, moving with velocity 2£w arac? reflecting off the convex 
body fl c . Then 

\x^(t)-x^(t)\>2\^ -^\t 
whenever t > maxjic 1 '', t^}, that is, greater than the larger collision time. 

Proof. In the two dimensional case, this result follows from elementary planar ge- 
ometry. A particularly simple argument is to reflect the outgoing rays across the 
line joining the two collision points. By convexity, the continuations of the incom- 
ing rays will both lie between the reflected outgoing rays. Note that the geometry 
involved is dictated solely by the two tangent lines at the collision points, not by 
the shape of the convex body in between. 

We note that given two vectors v^' G M 2 and two points yV> g ]R 2 , there is 
a convex curve passing through these points and having these vectors as outward 
normals at these points if and only if 

(4.52) «W • (y« - yW) > and . ( y ( 2 ) _ y W) > Q. 

Indeed, by convexity, Sl c C {x : (x — y^>) ■ < 0} for j = 1,2. 

We will use this two dimensional case as a stepping stone to treat three di- 
mensions. (The argument carries over to higher dimensions also.) If £W an(1 £( 2 ) 
are parallel, then the analysis is one-dimensional and totally elementary. In what 
follows, we assume that these vectors are not parallel. 

Let and denote the unit outward normals to d£l at the collision points. 
These are linearly independent. We write P for the orthogonal projection into the 
plane that they span and Q = Id — P for the complementary projection. By the 
law of reflection, Q[x^\t)] = Q[2^°h] and the broken rays P[x^'(t)j make equal 
angles of incidence and reflection with the projected normals P at the 

projected collision points. We now apply the two-dimensional result. To do this, 
we need to see that the projected collision points and the projected normals obey 
the chord/normal condition ()4.52[) : this follows immediately from the convexity of 
the original obstacle. 

Using the two-dimensional result, we get 

\x^(t)-x (2 \t)\ 2 = \P[x [1 \t)} - P[x {2 \t)]\ 2 + \Q[x (1) {t)] -Q[x (2) (t)}\ 2 
> 4|P[£ (1) ] - P[^]\ 2 t 2 + 4|Q[£W] - Q[£ (2) ]| 2 i 2 
= 4|^-^| 2 t 2 , 

which proves the lemma. □ 

Next we investigate in more detail the properties of the matrix E. 
Lemma 4.22 (Bounds for the covariance matrix). Let n G £. Then 

(4.53) Ret/ T (S + i(t-t c ))" 1 i/> 



■ T <^ ' «* ' u \v\ 2 



(4.54) IKE + ift-fe))- 1 !!, 



[loglog(±)P[a 4 +log 4 (±)i 2 ] 

log 5 (^) 
Vo- 4 + t 2 
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(4.55) |det(H + i(t-t c )E- 1 )|-* <log'(i)( ° ' ' 7 ' 



a 4 + t 2 

CTlog(-) 

/or all t > and sell if m addition \t — t c \ < 4 — ^ e , t/ien 

(4.56) ||(E + i(t - i,))- 1 - S- 1 !!^ < e~U~l log 3 (i) 

(4.57) |l-det(M + i(t-t c )E -1 )-*| < e *$"~* log 3 ^). 

-ffere || • ||#s denotes the Hilbert-Schmidt norm: for a matrix A = (a^), i/iis is 
given fry = j l a ij| 2 )^- Also, \\A\\ max denotes the operator norm of A. 

Proof. We first prove (I4.56[) . Using Lemma \4.20l we get 

IIS- 1 !!^ < y^-, + \\B\\ HS < Via-* + < ^-a + |e|[loglog(i)] 4 

(4.58) < e- 1 ^ 1 [loglog(i)] 5 . 
l -(-) 

Thus, for |f - t c \ < 4 ° °, s ^' we obtain 

(4.59) ||(* - QE-'Whs < e*<H log 2 (|)[loglog(i)] 6 « 1. 
Combining this with the resolvent formula 

(E + i(t - Q)- 1 - E" 1 = -i(t - t^XT^E + i(t - tc))- 1 

= -i(t - t c )E- 2 (Id + i(t - QZ- 1 )- 1 

and using (|4.59[) . we estimate 

II (s + i(t - tj)- 1 - z-^Ihs <\t- t c \ us- 1 1| % s || (id + i(t - tcjs- 1 )- 1 !!^ 

< ^|^ e - 2 r 2 [iogio g (i)] 10 

<e-^-ilog 2 (i)[loglog(i)] 11 
<e-^-ilog 3 (i). 

This settles ([4756]) . The estimate (|4~57j) follows from (|4~59]) and the fact that the 
determinant function is Lipschitz on a small neighborhood of the identity. 

We now turn to the remaining estimates; the key is to understand the real 
symmetric matrix B. A direct computation gives 

A2 _ 4 /i[±ii + t±e|V + 16|C| 2 



det(AId-B) = A . . n 

V -Rl?3 -R26 / R1R2 _ 

Hence one eigenvalue is and it is easy to check that r] is the corresponding eigen- 
vector. We write —00 < A2 < Ai < for the remaining eigenvalues. Moreover, 
as 

XiX2 -rjt 2 and lXi1 + 1X21 - 4 (im + im 

using Lemma l4.20l we get 

[loglog(i)]- 4 |£| < |A X | < |A 2 | < ||! < |£|[loglog(±)] 4 
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In particular, 

(4.60) ||B|| max < |£|[loglog(±)] 4 < e-^loglogCi)] 5 . 

The orthonormal eigenbasis for B is also an eigenbasis for E^ 1 with eigenvalues 
1 1 . . 1 



it r 



iXi 



and 



a 2 - + it c 



1X2 



In this basis, (S + i(t — t c )) 1 is diagonal with diagonal entries 



if 



+ i\i) +i(t-t c ) 



it c 



iX- 



+ i(t-t c ) 



An exact computation gives 



Re 



ct 4 [i - \j(t - t c )] 2 + [t- x 3 t c {t - t c )Y 



Using 5 < 1, the upper bound for t c given by Lemma |4.20| and the upper bound 
for Xj obtained above, we get 



|A^ c |<|e|[loglog(i)] 



l £[loglog(i) 



IMS 



< 



[l0gl0g(i)] 



X)t\ < ie| 2 [loglog(i)] 8 ^|f^ < ^ 2 [loglog(±)] 42 
a 4 A 2 < s 2 S 2 log 4 (i)|C| 2 [loglog(i)] 8 < log 4 (i)[loglog(i; 



< a 4 



1 10 



Therefore, 



<T 4 [1 - Xj{t - t c )} 2 + [t~ Xjt c {t - t c )f 



< a 4 (l + X 2 t 2 + X 2 tl) + t 2 + X 2 t 2 t 2 + X 2 t\ 

< a 4 (l + X 2 t 2 c ) + X)t\ + t 2 (l + X 2 t 2 c + a 4 A 2 ) 

< a 4 [loglog(i)] 24 + t 2 log 4 (i)[loglog(i)] 10 
<[loglog(i)] 25 [a 4 + log 4 (i)t 2 ]. 



Thus, 



Re 



> 



[l 0g log(i)]25[ ( T 4 + i2 1og 4 (I)] 



As Re 



admits the same lower bound, we derive (|4.53l) . 



We now turn to (|4.54[) . Our analysis is based on the identity 

\ -l - 1 2 

+ iXA +i{t-t c ) 



it r 



1 - Xjt c 



iXj(j 2 



CT 2 [1 - Xj(t - t e )] + i[t - X,jt c {t - t c )\ 

jt c ) + (Xj 



(l-X 3 t c ) 2 + (X 3 a 2 ) 2 



<7 4 [1 - Xj(t - t c )f + [t- Xjt c (t - t c )] 2 ' 



We have 

(1 - X 3 t c ) 2 + (Xjcr 2 ) 2 < 1 + [loglog(i)] 24 + log 4 (i)[loglog(i)] 10 < log 5 (i). 
To estimate the denominator we use Lemma T4.20I to sec that t c <C o 2 and so 
a 4 [l - Xj(t - t c )] 2 + [t - XMt - tc)] 2 > i 2 {[l - X 3 (t - t c )] 2 + [£ - Xj(t - t c )] 2 } 

= 2 [i±±-\ 3 t c (t-tc)} 2 + \{t-t c ) 2 
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> n„„l„„/lM-24^ , , ,_' 



(4.61) 



> 



[l0gl0g(i)]^ 4 (t + tc) 2 

a 4 + t 2 



I0g 4 (i)[l0gl0g(i)]26' 

where we have used the bound |Ajt c | ^ [loglog( -)] 12 to derive the penultimate 



inequality. Combining these bounds we obtain 

2 i _ 9 / x 



+ iXj +i(t- t c ) 



< log a (i)[loglog(l)] 26 < log 10 (i) 



t 2 



t 2 



As (E + i(t — tc))^ 1 is orthogonally diagonalizable, this bound on its eigenvalues 
yields (|4.54j) . 

Finally, we compute 

, i{t-t c )\ T-r r- / 1 



!det(Id + i(t-t c )E^ 1 ) 



cr + it 
r 2 +zi 



n [i+*(*-t c ) 

3=1,2 



it. 



(<x 2 + ^^ c ) 3 



J| {cr 2 [l - Xj(t - Q] + i[t - Xjt c (t - t c )]} 



3=1,2 



Using (|4.6ip we obtain 

|det(Id + i(t-i c )E _1 )| _1 



< 



<log 5 (i) //T 



X 3 (t-t c )] 2 + [t- Xjt c {t - t c )] 2 } 



Vllf °" 4 + f c 

+ i 2 



This completes the proof of the lemma. 



□ 



Using this lemma, we will see that the reflected wave v n agrees with u n to 
high order on dfl, at least for x near x c and t near tcj compare (|4.62|) with 
\u n (t c n \ x c nS> )\ ~ (7~ 3 / 2 . Indeed, requiring this level of agreement can be used to 
derive the matrix B given above. Without this level of accuracy we would not be 
able to show that the contribution of entering rays is o(l) as e — > 0. 

Lemma 4.23. Fix n £ £ . For each x £ fl, let x* — x*(x) denote the nearest point 
to x in dfl. Let 

A n (t,x) := exp{ii|£„| 2 - i£ n ■ (at, - x[ n *>)}[u n (t, x*) - v n (t,x*)]. 

Then for each (t,x) £ lx(] such that \x*-X c n) \ < crlog(§) and \t-t { c n) \ < 4<Tlog ^ ) 
we have 
(4.62) 

(4.63) 
(4.64) 



1^1 



\A n (t,x)\<e-^5-Uog 12 {\) 
\VA n {t : x)\<e-'U-i\og 12 (\) 
\d t A n (t, x)\ + \AA n (t,x)\ < e-iS-l log 9 (i). 



Proof. Throughout the proof, we will suppress the dependence on n £ £; indeed, 
all estimates will be uniform in n. Let 



F(t,x) 



it + it c 
cr 2 + it 



^Wo - det(l + i(t - tcjE- 1 )-^*^" 5 
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with 

*(t, x) := i(a: - x c ){t] - f) - J (a: - x(t)) T (E + i(i - y)" 1 ^ - 

so that 
(4.65) 

We further decompose 

F (t, x) = Fx {t, x) + F 2 (t, x) + F 3 (t, x), 

where 



A(t,x) = (^y(a 2 +it c )-ie ix ^F(t,x*). 



Fi(t,x) 



a 1 + it c 
a 2 + it 



1 



g 4(<7-«+*t) 



F 2 (t,x) := [1 -det(l + i(t- i c )E _1 )-*]e 4 <- a +«> 

F 3 (t,aj) :=dct(l + i(t-t c )S- 1 )-^{e~^^) -e* ( *' x) }. 

We begin by estimating the time derivative of F on 3f2. We will make repeated 
use of the following bounds: 

(4.66) i-t c <cr 2 and \x - 2ft| + jar - x(t)\ < o-log(±), 

for all |ai - x c | < oTog(|) and \t - t c \ < 4erl °^ } . Moreover, from g36l . (l4~571) . 
and (|4.58j) . we obtain 

\d t det(l + i(t - ^ST 1 )-^ = ||det(l + i(t - tejE -1 ) - * | |Tr(E + i(t - t c )) _1 | 
(4-67) < ||(E + i(t - Qy'Wns < e-^^poglogfi)] 5 . 

Lastly, as £ — 77 is normal to dfl at a; c , we see that 
(4-68) |(£ - n) ■ (x - x c )\ < \i\ \x - x c \ 2 < <51og 5 (i), 

for all x <= 951 with |x — x c \ < crlog(-). 

A straightforward computation using (|4.66j) gives 

\d t Fi(t,x)\ < a' 2 + \t- t c \a~ 2 [ct" 2 |£||x - 2ft| + a~ 4 |x - 2ft| 2 ] < e"^" 1 . 

Using also (|4.57l) and (|4.67p we obtain 

\d t F 2 (t, x)\ < r'r^loglogfi)] 5 + eU-i log 3 (i) [<J~ 2 \C\\x - 2ft| + a^\x - 2ft| 2 ] 
< £ -^-Mog 4 (i). 

As \d t A\ < <r- 3 / 2 \d t F\, the contributions of d t F 1 and d t F 2 are consistent with 
We now turn to F 3 . In view of (|4"35j) . P~5Tjl . and fD)7j), 



|9tF 3 (t,x)|< e ^ 1 ( 5- 1 [loglog(i)] 5 + 



rft>-2ft) , z|x-2ft| 2 



g 4(<^+it) 



cr 2 + if 4(ct 2 + it) 2 
?/ T (E + t(t - i c )) _1 (x - a;(i)) + j(x - x(i)) T (£ + i(* - t c )) _2 (x - a:(t)) 



To simplify this expression we use the following estimates 
ft 3? - 2ft) ii|x-2ft| 2 ftx-2ft) i|x-2ft| 2 

CT 2 +rf + 4((7 2 + rf) 2 ~ (7 2 + rf c ~ 4((J 2 + it c ) 2 



< e-H- 1 
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\rj T [(£ + i(t - U))- 1 - E- 1 ] (a, - x(t))\ < e" 1 *" 1 log 6 (±) 
| (x - a;(t)) T [(E + i(t - < c ))- 2 - E- 2 ] (a: - x(t))\ < e"**-* log 8 (±) 
|z-2£i| 2 |a;-2ft| 2 



< £2,5-f l g 3 (I) 



4(a 2 + it) 4(<7 2 + it c ) 

I (z - x(t)) T [(E + i(t - t,))" 1 - E" 1 ] (a - ar(*))| < e**"* log 7 (i), 

which follow from (|4.56p . (|4.58p . and (|4.66[) . Combining these estimates with the 
fact that z i — y c z is 1-Lipschitz on the region Re z < yields 

|9 t F 3 (t,x)|< £ - 1 ^ 1 log 10 (i) 

£(a;-2#) i\x-2£t\ 2 



a 2 + it c 4(<7 2 + it c ) 2 



+ e %5 * log(|) 



4(a 2 + it c ) 



- tFJ±- x {x - x(t)) - {(x - x(t)) T ^ 2 (x - x(t)) 
+ i(x - x c )(7] - - i(x - x(t)) T E- 1 (x - x(t)) 



As \dtA\ < a~ 3 / 2 \dt F\, the first term on the right-hand side is consistent with 
(|4.64l) . Thus to complete our analysis of |<9t-F|, it remains only to bound the second 
and third lines in the display above. Recalling (I4.51[) . the fact that rj belongs to 
the kernel of the symmetric matrix B, and x(t) = x c + 2r)(t — t c ), we can simplify 
these expressions considerably. First, we have 

+ - - *w) - i(* - *(*)) t =- 2 (* - *(*)) 

i£-n){x-Xc) _ : (t-t c )(£-ri)(x-x c ) . (x-x a ) T B(x-x c ) . ■ (x-x c ) T B 2 (x-x c ) 
a 2 +it a 1 (a 2 +it c ) 2 "T" 2{o 2 +it c ) T ' 4 

where we used (|4.66l) . (|4.68l) . and (|4.60p to obtain the inequality. This shows that 
the second line in the estimate on dtF^ is acceptable for (|4.64l) . 

For the last line of our estimate on dtF^ above, we use the same tools to obtain 

s-U-i bg(i)| + i(x - x c )( V - - \{x - x{t)) T V-\x x{t)) 

= e-U-i log(i)| I^tolfal + i(x - x D )($ + x c ) T B(x - x c ) 

< e- 1 log 7 (i) + e-U-i Iog(|)|(i - i c )(€ ~v) + \{x - x c ) T B{x - x c ) 

The first summand is acceptable. To bound the second summand, we need to delve 
deeper. 

Using the orthonormal frame introduced earlier, we write 

(4.69) yi := (x - x c ) ■ f, y 2 := (x - x c ) ■ 7, and y 3 := (a; - x c ) ■ v. 
Then 

(4.70) (x - xc) • (£ - r,) = 2&{x -x c )-v = 2&y 3 . 
For x £ dfl near x c , we have 



(4.71) 



2/3 



2/f 



2/1 



+ 0(|yi| 3 + |y 2 | 3 ). 



2R X 2R 2 

On the other hand, for any z £ R 3 a direct computation shows that 



1 T 

-z T Bz = 



1 



1 
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Applying this to 

A/i-2£i(i-i c ) 

z = x — x(t) = x — x c — 2rj(t — t c ) = ?/2 — 2£,2 (t — t c ) 

V 2&(t-t c ) 

and noting that \y 3 \ < \yi\ 2 + \y 2 \ 2 < cr 2 log 2 (±), we get 

hx - xit)) T B{x - x(t)) = (*& + wfc) a + (y^ + y&) 2 



= &t + 6g + o K ,„ g ^) |£s| 

Combining this with (|4.70|) . f)4. 71[) . and Lemma T4.201 we deduce 

(x ~ x c ) ■ (£ - r,) + i(x - z(t)) T B(z - z(t)) < a 3 log 3 (i)|^ 

l?3| 

(4.72) < £ ^llog 7 (|). 

This is the missing piece in our estimate of | c?t 1 . Putting everything together 
yields 

\d t A(t,x)\ < a-i\d t F(t,x)\ < a-h-'S-Hog 10 ^) < £ -|<H log 9 (±), 

which proves the first half of (|4.62[) . 

This bound on the time derivative of A allows us to deduce (I4.62|) by just checking 
its validity at t = t c . Note that both F\ and F2 vanish at this point and so, by the 
fundamental theorem of calculus, we have 

\A(t, x)\ <\t- t c \e-id-i log 9 (i) + a~i\F s {t c , x)\ 

< £-^8-i log 12 (i) + a~i\{x - x c )(r) - £) + 3O - x c ) T B{x - x c )\. 

Combining this with P~72l yields dM2). 

It remains to estimate the spatial derivatives of A. Notice that this corresponds 
to derivatives of F in directions parallel to dtt. To compute these, we need to 
determine the unit normal v x to dQ at a point x G dQ; indeed, the projection 
matrix onto the tangent space at x is given by Id — v x v£ . Writing y — x — x c as in 
(|4^1) and (|4~TTj) . we have 

(4.73) v x = I y 2 /R 2 I + \yW(y), 




where ip is a smooth function with all derivatives bounded. 

However, the Laplacian of A does not involve only the tangential derivatives of 
F; due to the curvature of the obstacle, the normal derivative of F also enters: 



IAAI < 



a-i[\VF\^ + \d 2 F\ Tx a€i}. 



Here d 2 F denotes the full matrix of second derivatives of F, while the subscript 
T x dQ indicates that only the tangential components are considered; no subscript 
or M 3 will be used to indicate that all components are considered. In this way, 
verifying (14.63[) and the remaining part of (|4.64|) reduces to proving 

(4.74) |VF| T ,an ^^log 13 ^) and |VF| + \d 2 F\ T ^ < e^S' 1 log 10 (±). 
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Again we decompose F into the three parts Pi, F 2 , and P3. The first two are 
easy to estimate; indeed, we do not even need to consider normal and tangential 
components separately: 

|VPi(t,z)l < Is- W-^l < rMogiogCi) 

a a 

and similarly, using (|4.57p . 

\VF 2 (t,x)\ < t-^sh-hog 3 C-) < S-Hog 3 ^). 

These are both consistent with the needs of (|4.74p . 

We can bound the second derivatives of Pi and F2 in a similar manner: 



\d 2 F 2 (t,x)\ < 



\x-2(,t\* 



\t-t e \ 



< e 2 S 2 loglog(i) 



\x-2€t\' 



e^-i io g 3 (i) < e-4<y-8 log 3 (i). 



Both are acceptable for (|4.74[) . 

This leaves us to estimate the derivatives of P3; now it will be important to 
consider tangential derivatives separately. We have 



\VF 3 (t,x)\ Txd n < |X ^ \F 3 (t,x)\ 



x - 2£t 



2{a 2 + it) 



*(£ -v)- K E + *(* - *c)) _1 6= - x(t)) 



From the proof of (jP2]l . we know that |F 3 | < e 1 / 2 ^ 1 / 2 log 13 (±). To estimate the 
second line we begin by simplifying it. Using (|4.66p and ()4.56|1 . we have 

|VF 3 (t, x)\ T .an < ^-^U<H log 13 (i) 



a- 

\t-t. 



+ 



\x - 2#| + ||(E + i(t - tc))- 1 - E-iffsIa; - x{t)\ 
o 

x - 2£f 



2(ct 2 + it c ) 



(4.75) 



<J-llogl3(I) + 



a 2 + it c 



£ - 77 + \B(x - Xc) 



Thus far, we have not used the restriction to tangential directions. Thus, using 
(14.601) we may pause to deduce 

|VF 3 (t, x)|,s < 5- 1 log 13 (i) + a- 1 log(i) + |e| < e- 1 loglog(i), 

which is consistent with (|4.74p . 

Wc now return to (|4.75l) . To estimate the last two summands we write x — x c = y 
and use (|4.73p to obtain 

'2^/Rx 

{ld-uJl){^-r,) = - I 2&y 2 /R 2 I + 0(\£\ \y\ 2 ). 
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Similarly, 



l(ld-t x %)B(x-x c )= 2&y 2 /R 2 I +0(||B|| max |?/| 2 ). 



Using (I4.60|) . this allows us to deduce that 







If - Tj + ±B( X - X C ) 



<\\B\\ max \ y \ 2 +\m 2 <siog 5 a: 



(4.76) 
Therefore, 

|VF 3 (t, x)\ Txdn < S- 1 log 13 (±) + log 2 (i) + <51og 5 (±) < S- 1 log 13 (i). 

This is consistent with (I4.74[) , thereby completing the proof of (I4.63[) . 
Estimating the second order derivatives of F% is very messy. We get 

-S k i , (x-2£t) k (x-2&)i~ 



d k die M"*+it) 



2((T 2 + it) 



+ 



4(a 2 + it) 2 
{x-2&) k (x-2£t) l 



e 4<^+«) + O 



loglog(|) 



_2(a 2 +ii c ) A(a 2 + it c ) 2 

Proceeding similarly and using (|4.56|) and ()4.58p yields 

d k die^*' x) = dkdie i{x ~ Xc) ( n ~ i) ~i( x ~ x ( t))T( '^ +i( - t ~ t ' !)rl{x ~ x( - t)) 

lE^ 1 + {*(?? - - - z(*))} fe {% - - - *(*))}, 

+ o( e - 1 <r 1 io g 6 (±)). 

We now combine these formulas, using (|4.60[) . (|4.76p . and the definition of 
in the process. This yields 

\d 2 F 3 \ Txdn < ^^|F 3 | + \B\ ndn + e"M log 5 (i) + e^r 1 log 6 (±) 
o 

< e-h-i log 13 (i) + e- 1 log(i) + log 5 (±) + log 6 (±) 

<e-H- l \og\±), 

This completes the proof of (|4.74l) and so that of (14.641) . □ 

With all these preparations, we are ready to begin estimating the contribution 
of the wave packets that enter the obstacle. In view of Proposition 14. 191 it suffices 
to prove the following 

Proposition 4.24 (The long time contribution of entering rays). We have 



(4.77) 



\j2<[e^(l nln )-u n ] 



L t 3 x ([T,oo)xi 



o(l) as e—*0, 



where T = ^e < 5[loglog(i)]- 1 . 

Now fix n £ £ . We denote by \ u " (t) a smooth time cutoff such that 
X u " (t) = 1 for t € [0, t c + 2 ' Tl | ° s j | ^ ) ] and x"" (*) = for t > t c + 4 
Denote by \ Vn (*) a smooth time cutoff such that 



^l°g(|) 



X Vn {t) = l for t>t c 



,olog(i) 

J 16,1 



and X Vn (t) = for t <= [0, f c - 4 
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We then define 

u n (t,x) := x Un (t)u n (t,x) and v n (t, x) := \ Vn (t)v n (t, x). 

The cutoff x"" kills u n shortly after it enters the obstacle; the additional time 
delay (relative to t c ) guarantees that the bulk of the wave packet is deep inside fi c 
when the truncation occurs. Note that the cutoff also ensures that u n does not exit 
the obstacle. Analogously, x"" turns on the reflected wave packet shortly before it 
leaves the obstacle. 

By the triangle inequality, 



LHS627} < <K - ln«n) 



(4.78) 



n££ 



L 3 ([T,oo)xR 3 ) 



n££ 



i t ?,([T,»)xfi) 



n (ln7n) - («n - "n)] 



L t 3 !C ([r,oo)xn) 



We prove that the first two summands are o(l) in Lemmas 14.251 and 14.261 respec- 
tively. Controlling the last summand is a much lengthier enterprise and follows 
from Lemma f4. 2 71 This will complete the proof of Proposition 3231 which together 
with Propositions I4T71 14T81 and I4T91 yields Theorem I4T31 



Lemma 4.25. We have 

\\^2 C n( U n - ln«n) 



n££ 



10 = o(l) as e — >• 0. 

L t "^([T,oo)xR 3 ) 



Proof. By the triangle inequality and Holder 
E Cn(u n - Inu., 



n££ 



(4.79) 



J# ~ E l c «H u ™ 



n£5 



n£5 



i, 3 Li 



where all spacetime norms are over [T, oo) x R 3 . To estimate the first factor on the 
right-hand side of f)4. 79[) . we use 

\x - 2i£„| 2 + \x- 2^ m | 2 = 2\x - (£„ + U)t\ 2 + 2t 2 \t n - U\ 2 

together with (|4.33[) to get 



|£KI 



n£S 



< 



< 



E 
E 

For t >T we have 

<r 2 t 2 |£„-£ m | 



Lg°Lj([T,oo)xR 3 ) 



(aef 



L 6 Va 4 + t 2 



4 (- 4 +* 2 ) da; 



Lf([T,oo)) 



L 6 



■exp< 



^ 2 |gn-^ 
2(a 4 + i 2 ) 



i|°([T,oo)) 



> er 2 |n- m| 2 T 2 ^ \n-m\ 2 T 2 \n - m| 5 



2(fT 4 + i 2 ) " 2 j L 2 (ct 4 + T 2 ) " 4cr 4 [loglog(±)] 2 " log 5 (±) ' 
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and so derive 



|E kiki 

neS 



< 



Lf £»([T,oo)xI 



E 



(gg) 3 

L 6 



r |n — m\ 2 i 
loe 5 f±0 J 



6XP l los°(-) 



< 



n(E<S 
(re) 3 



log* (I). (|loglog(i) 



L6 

<l0g*(i). 

We now turn to the second factor on the right-hand side of (|4.79j) . As 



2 



j<k 



we have 

Ei c ™ii u "i 



neS 



4 

il(« 3 ) 



s E 



a 4 + t 2 



(4.80) 



< 



E 



(re) 6 
L 12 Vre + t 2 



L exp l-E 4((j4+ , 2) } 



cx p{-i(^T^Ei^-^i 2 }- 



dx 



To estimate the sum in (|4.80p we divide it into two parts. Let N := log 3 (i). 
Part 1: \rij — nk\ > N for some 1 < j ^ k < 4. We estimate the contribution of 
the summands conforming to this case to LHS (|4.80j) by 



(re) 6 (L 



L 12 U 



l0gl0g(i) 



12/ ff2 



CT 4 +i 2 



5XP l" 4L 2 (a 4 + t 2 )/ 
<i- 3 (i 9 £- 6 [loglog(i)] 12 ex P {- 



ct 2 A^ 2 



4L 2 (a 4 +i 2 ) 



}■ 



For T <t < a 2 , we estimate 



while for t > a 2 , 



expi 



expi 



a 2 N 2 t 2 
AL 2 (a A + t 2 ) 



} < expj- 



a 2 N 2 t 2 



T 2 N 2 } 
~8a 2 L 2 J 



< £ 



100 



4L 2 (ct 4 +t 2 ). 

Thus the contribution of Part 1 is O(e 80 t~ a ). 

Part 2: \n,j — Uk\ < -/V for all 1 < j ^ k < 4. We estimate the contribution of 
the summands conforming to this case to LHS (I4.80[) by 



(as) 6 f a 2 
L 12 [a 4 +t 2 



L 



N 9 -loglog(i) < 



L 9 i 3 



[loglog(i)] 3 < 



[loglog(i)] 6i 
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Collecting the two parts and integrating in time, we obtain 



IE 



neS 



< £M °g 4 ^) . r -|< £ | r l log 8 ( l : 



L?LJ([T,oo)xR3) ~ [l glog(i)]i 

Putting everything together and invoking f|4.79[) we get 



L t 3 x ([T,oo)xR3) 



< e io(5 10 i g(i) 4 + 3 5 2 — (i) as £ o. 



This completes the proof of the lemma. 
Lemma 4.26. We have 

E^" 



a 



neS 



L 3 ([T,oo)xl 



= o(l) as e — » 0. 



Proof. By Holder's inequality, 



5 



E^™ 



(4.81) lE^li* ~ ||E C n^ 

where all spacetime norms are over [T, oo) x R 3 . 

First we note that from (|4.53[) and (|4.55[) . we can bound 



(4.82) \v n (t,x)\<\og?a: 



5 



Using this bound, we estimate 

V£/ Vcr 4 + t 2 
[loglog(i)] 25 [a 4 + t 2 log 4 (i)] 



r cr | a; — a 

6XP l 4noglog(i)l 25 k 



4/1- 



4[loglog(i)] 25 [a 4 + i 2 log 4 ( 



|t5 ni ||t5 n2 |da; < log 5 (i; 
<log 5 (|) 



<log 12 (i)exp{- 



a 2 \xi(t) - x 2 (t)\< 



f a 2 [\x-x 1 (t)\ 2 + \x-x 2 (t)\ 2 ] ] ^ 
I 4[loglog(±)F[a 4 + t 2 log 4 (±)]J 

r a 2 \ Xl {t) - x 2 {t)\ 2 1 

XP l 8[loglog(i)F[^+f 2 log 4 (i)]J 

T^ll' 



8[l0gl0g(i)F[<74 + i 2 l0g 4 (i)] 

where Xj(t) denotes the trajectory of v nj , that is, 

Xj (t) := 2^00 + 2qW(t - 

with : £ B , := ry , and 4 representing the corresponding collision times. 
Therefore, 



(4.83) \\j2 c n*r, 



< 



hfUi. 



sup 

t 



g 2 |^l(t)-x 2 (t)| 2 



where the supremum in t is taken over the region 



t > max 



|£(1)| ' ^ * |£(2)| 

Next we show that for \n\ — n 2 \ > log (^) and all such 4, 
(4.84) Mt)-x 2 (t)| > |^)-^ 2 )|t 
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We discuss two cases. When t > maxjic 1 ^, t^ 1 }, this follows immediately from 
Lemma T4. 2 11 It remains to prove (|4.84[) for 

Without loss of generality, we may assume i£ > ^c 2 ' 1 - Using Lemmas 14.201 and 14. 211 
and the fact that |m — 77.2 1 > log 4 (^), we estimate 

\xi(t) - x 2 (t)\ > \ Xl (t^) - x 2 (4 1} )| - |xi(i) - xi(t«)| - \x 2 (t) - x 2 (tW)\ 

> 2|^w - e (2) |t« - 2ie (1) 1 1* - t« i - 2ie <2) lit - 4 1} i 

>2^^-B.lo g (|)-8^p 
> 2 K^ t (i)_i6 CT log(|)[loglog(i)] 2 

> |ni 7 Wa| t=|gW-g( a >|t. 

This completes the verification of (|4.84[l . 
Using (|P5|) and (|4TM]l . (|4T55|l implies 



| E c « {i " 



< 



E 



|rn-n 2 |>log 4 (i), ni e£ 



L 6 



l g 12 (I)e 8L2[loglog(I)]25[„4 +t 2 l og 4(I)] 



+ 



E 



|ni-n 3 |<log*(i), n z e£ 



(asf 
L 6 



log 12 (i) 



Thus, 
(4.85) 



< i^f^^f L\og\ogC-)Y f[\og\ogC-)} 27 [^ 4 + * 2 log (l)]Y 



L 6 

(0£)_ 3 

L 6 



t; 2 



log 24 (^ 



! /iloglog(-) 



in 3 



<log 13 (i)(^+log 6 (i))+log 25 (I). 



IE- 



L~LJ([T,oo)xR3) 



<log^(|). 



We now turn to estimating the second factor on the right-hand side of (|4.81|) . 
Combining (|4.82l) with 

4 4 2 

- Xj (t)\ 2 = x-\Y^x j {t) +1^2\ Xj (t)-x l (t)\ 2 , 



3=1 
we get 

IWnill^ll^nsll^nil^ 
r 2 x 3 



3=1 



3<* 



< 



'° e ,o <})(^) /„«»{- 



4[loglog(i)] J =[^ + t=log 4 (i)]^ 



4 

— ^|x-^(t)| 2 }dx 



<log 10 (i) 



t 2 
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; >glog(l)] 25 [q 4 + t 2 log 4 (i)] 
a 2 



" 2 Ej<i Nj(t)~x,(t)| 2 

16[loglog(i)]25[ tr 4 +t 2 lo E 4(I )] 



< a 3 t~ 3 log 17 ( - )e 16 [ lo s lo s(i)] 25 [" 4 + t2 i°s 4 (i)] ^ 
Combining this with (|4.33p . we obtain 



(4.86) \\^ n v n (t) < 



neS 



(aef 



•£j<( l^(t)-x,(t)l 2 



Li '~ ^ L 12 

ni,....n4tEf 



CT 3 t _3 l0g 17 (i)e lf5 [ 1 °s 1 °«<7)] 25 [<' 4 + t2 i°E 4 (i)] _ 



To estimate the sum above we break it into two parts. Let N := log 4 (i). 
Part 1: \nj - n k \ > N for some 1 < j ' ^ k < 4. By (|4.84|) . we have 



\xj(t) - x k (t)\ > 



\rij - n k \ 



t for all t £ supp i 



As t > T, we estimate the contribution of the summands conforming to this case 
to LHSgHJ) by 

3 3 17 rLloglog(i)l 12 r a 2 t 2 N 2 i 

at log - — exp-^ = j—. ; — > 



(aef 



L 12 



16i 2 [loglog(i)] 25 [a 4 + f 2 log 4 (i)] 



,100.-3 



log°(i) 

Part 2: |rij — rik\ < N for all 1 < j < k < 4. We estimate the contribution of 
the summands conforming to this case to LHS (I4.86[) by 

(aef ,r,__,__mN3 , _, rX 9 



L 12 



aV 3 log 17 (i)iV £ 



iloglog(l)y < ^oNj 



£ V 3 log 18 (i)<e^log OD (i) 



3^-3 i„ 56/1 < 



Combining the estimates from the two cases, we obtain 



L?LJ([T : oo)xl 



< [e 25 +eMog 14 (I)]r-f <ei«J-* log 15 (±). 



Combining this with (|4.81|) and (|4.85j) completes the proof of Lemma 14.261 □ 

To complete the proof of Proposition 14.241 we are left to estimate the last term 
on RHS (|4.78[) . For each n £ £, we write 

(4.87) e JtAn (lo7n) - (u„ - v n ) = -(w„ + r n ), 

where w n is chosen to agree with u n — v n on dQ and r n is the remainder. More 
precisely, let (j) & C^°([0,oo)) with = 1 on [0, |] and <fi = on [l,oo). For each 
x £ Q, let £ dQ denote the point obeying \x — x* \ = dist(x, fl c ). Now we define 



w n (t, x) := wg> (t, x) + (t, x) + (i, a;) 



and 



■#>(t,aO := (u n - v n )(t, x.)<f>{^) 



crlog( 



2<rlog(|) 

ne»l 

2<Tio g (jr 
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We will estimate w n by estimating each Wn separately. Note that is the most 
significant of the three; spatial oscillation has been introduced into this term to 
ameliorate the temporal oscillation of u n — v n . This subtle modification is essential 
to achieve satisfactory estimates. 

To estimate r„, we use (|4.87|) to write 

= (id t + Aa)(u n - v n - w n - r n ) = (id t + A)(u„ - v n - w n ) - (id t + An)r n , 

which implies 

{id t + A n )r„ = iu n d t x Un - iv n dtX Vn ~ (idt + A)w„. 
Using the Strichartz inequality, we estimate 



y ] c n r n 



< 



L t 3 x ([T,oo)xn) 



\£ 



L t 1 L2([T,oo)xO) 



L t 1 L2([T,oo)xf2) 



Putting everything together, we are thus left to prove the following 
Lemma 4.27. As e — > 0, we have 



(4.88) \\Y,c e n u n dt X Ur - 



LlLl([T,oo)xn) 



+ \U2 C n V ndtX V71 



(4.89) ||Ec>« 



L t 3 x ([T,oo)xii) 



L\Ll([T,ao)xQ.) 



0(1) 



o(l), 



for each j = 1, 2, 3. As previously, T — ^eJpoglog^)] -1 . 

Proof. We first prove the estimate (|4.88j) for u n . Recall the following bound for u n : 

^ \* - a 2 \x - 2£ n t\ 2 ■ 



\u n (t,x)\ 



< 



o^ + t 2 



exp 



I 4(<7 4 +i 2 ) J 



Also, for t e suppd tX M " = [t< n) + ^Jgzl^W + l^fzl] we have i < a 2 and. by 



the dchnition of £ , 



[l0glog(i)]4 " [l0gl0g(i)] 



Thus, 



\u n (t, x)\ 2 dx 



< 



a 4 + t^ 



\dtX 



_IhI 2 

e cty 



16. 



c-iog(i; 



i»i> 



_°_log(i)_ 
[loglog(i)]5 



Summing in n and using (|4.33[) . we obtain 



^2 c £ n u n dtX Ur 
nes 



L]Ll([T,oo)xn) ~ ^ L 3 



< V- (^g)^ c ioo CTl °g(7) < £ 90 



16, 
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The estimate for v n is similar. Note that by the definition of £ , for t 6 supp dtx" 71 
[t (n) _ 4^il,4") - 2^fl] we have 



(4.90) 
and, by Lemma 14.201 



[loglog(i)]4 - [l0gl0g(i)]5 



t < 4 n) < ^[loglog(i)] 8 and i 2 log 4 (§) < <7 4 [loglog(±)] 19 . 

Isnl 



Therefore, using (|4.82l) we get 



\(d tX Vn )v n (t,x)\ J <log°(i) 



exp 



< CT - 5 |e„| 2 log 3 (i)exp^ 



(j kc — x 



l£n| 



2[l0gl0g(i)] 2 5[ ( 74 + <2l0g 4 (I)] J [^log^)] 2 

|a;-2;„(i)| 2 



4a 2 [loglog(i)] 44 
Using (|4.90j) and computing as for u n , we obtain 

/ \d tX v -v n {t,x)\ 2 dx<e 2W 
Jn 

and then 



X] C n V ndtX" n 



LlLl([T,oo)xQ) 



<e 



oo 



This completes the proof of (|4.88[) . 



We now turn to estimating ()4.89|) . We begin with the contribution from 



,(!) 



Using the definitions of u n (t,x) and v n (t,x), as well as (|4.54[) . (|4.55p . and the fact 
that dtidetMit)}- 1 / 2 = -|[det M(t)]- 1 / 2 Tn[M(t)- l d t M(t)], we estimate 

\w£Ht,x)\+\(idt + A)wM(t,x)\ 



(4.91) 
(4.92) 



< 



-2 + |6i| 2 + \X. 2U\ 2 
«- 2 + \Zn\ 2 



U 

„10 / 1 X 



log lu (^) 

CT 4 + < 2 



\u n (t,X*)\xi(t,x) 
X* - X n (t)\ 2 \v n (t,X*)\x2(t,x), 



where xi(t> x ) is a cutoff to the spacetime region 

€ [0,oo) x n : \x-x*\<a, \x. - x&>\ > |o-log(i), t<fW+4 ,^ 

lsn| 

and X2 (i) a;) is a cutoff to the spacetime region 
(t,x) € [0,oo) x ft : \x-x*\<a, \x t -x^\ > |ffbg(|), * > 4™ } " 4 



gjg§(|) 

ie,i 



Note that 
(4.93) 



Xi(i, x) + X2(t, x) dx < a for all t > 0. 



To estimate the contribution from (I4.91[) . we note that on the spacetime support 
of this term we have t < a 2 and, by the definition of £ , 

I (n) I 



[l0g l0g(i)] 
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Thus we can estimate 

6® < [a' 2 + |Cn| 2 + (T- i ]\u n {t,X*)\Xl(t,x) 

2 1 t n )|2 

< £ - 2 ^ 2 [loglog(l)]V^ exp{- C ° -p ~ ' e 

L cr 4 [log log(^)] 8 J 

< £ - 2 rV-l[loglog(l)] 2 exp{- Ymia }xi(*>») 

L [loglog(^)] 9 J 

(4.94) <£ 100 Xi(i,x). 

To estimate the contribution from (|4.92p . we discuss long and short times sepa- 
rately. If t > ^loglog^)] 10 !^!- 1 , then t > i£ n) and so 2\t - > t. Using the 
definition of £ , we thus obtain 

\X.-X n (t)\ > diBt(x n (t),flfi) > l2 } n{t ~!^} 1 > M 



[iogiog(i)] 4 - [io g iog(i)r 

Noting also that a 4 < t 2 log (i), we estimate 

f49 5l o 2 \x«~x n {t)\ 2 > a^ n \ 2 t 2 > 8 

4[l0gl0g(i)]25[ £ 74 + t2l0g 4 (i)] " 8[l0gl0g(i)]35t2 1 g 4 (I) " elog 3 ^)' 

Using the crude upper bound 

\x.-x n Qt)\ < \x,\ + \x^\+2\^ n \(t-t^)<l + \^ n \t, 
together with (|4.82|l and f|4.95[) . we obtain 

623 < log 10 (i) £ - 2 r 2 [loglog(i)] 2 logi (I) CT f;-f exp{-— ±—} X2 (t,x) 

1 elog^^J 

<t-ie W0 X2 (t,x) 

fiOTt^tfpoglogd)] 10 !^- 1 . 

Now consider the regime t { c n) - 4oTog(i)|£ n |- 1 < t < (5 [log log( i )] 10 |C« I " 1 - By 
the definition of £, we have 

(4.96) i*. -M*)i> '^rH > fflos(l) 



[loglog(i)]4 " [loglog(i)]5- 

For the times under consideration, 

CT 4 + i 2 log 4 (i)<a 4 + 5 2 £ 2 log 4 (i)[loglog(i)] 22 <a 4 [loglog(I)] 23 , 
and so we obtain 

<7 2 |Z*-X„(t)| 2 ^ lQg 2 (i) 



(4 97) 1 " " v " > 

4[loglog(i)] 2 5[ ( r4+t2 1og 4 (I)] - [loglog(i)]60- 

Using the crude upper bound 

\x* - x n (t)\ < \x.\ + \ X M\ + |M < [loglog(i)] 10 

together with g5g) and (|4T9"7|) . we obtain 

6121) < £ - 2 <5- 2 log 6 (i)[loglog(i)] 20 logl (l)a-i exp{- ^^n )]eo }xa(t, x) 
<e 100 X2 (t,x) 
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in the short time regime. 

Collecting our estimates for long and short times, we get 

632} < (t)-h 100 X 2(t,x). 

Combining this with (|4~33"1) . (l4~93l) , and the bound (j4794|) for ([4~9Tj) . we obtain 



|E c >i i; 



L t 3 x ([T : oo)xn) 



n<££ 



LlLl([T,oo)xQ) 



0(1). 



This proves (|4.89|) for m 



(i) 



Next we consider the term . Just as for Wji > we have the following pointwise 



bound: 

\ w l 2 Ht,x)\ + \(zd t + A) w W(t,x)\< 



\U 2 + 



\u n (t,X*)\ 



~ 2 + ie ra | 2 + lo a l^h x * -z«ft)l 2 ]M^)lj -x(t,x), 

where x(i,x) is a cutoff to the spacetime region 

(t,x)6[0,oo)xQ: |x-^|<cr, - ar^l < <rlog(|), |*-t£")| > al ^e) 

lsn| 

On the support of u n (t, x*)x(i, x) we have t < a 2 and 

|a:, - 2Cnt\ > \2Ut - #°)| - |z. - I > <rlog(i). 

Hence 



\fin(t,x*)\x(t,x) 



< 



eXP {-^fe§f } S -P{-| log 2 (i)} 



< er 



100 



As before, this estimate is good enough to deduce 
\x* 2£ n £| 



\c n \ 



\Un(t,X*)\x(t,x) 



< e 



To estimate the contribution of the v n term, we split into short and long times 
as in the treatment of the corresponding term in Wn . Indeed, the treatment of the 
regime t > 5[loglog(i)] 10 |^„| _1 follows verbatim as there. For the complementary 

set of times t { J l) - 4oTog(i)|£J _1 < t < <5[loglog(±)] 10 |£ n | _1 , we estimate 
\x* - x n (t)\ > - x n (t)\ - \x™ -x*\ = 2|£ w (t ~ ~ l4 n) ~x*\> ^log(i). 
This plays the role of (|4.96[) : indeed, it is a stronger bound. With this in place, 
arguing as for wiP we obtain 



log 10 (i) 



l£n| 



\x« - x n (t)\ 2 \v n (t,x*)\x(t,x) 



L t %nL\Ll([T, x )xO.) 



a 4 + t 2 

Combining the two estimates and using (14.33[) yields (|4.89[) for w n . 
It remains to prove (|4.89[) for u>„ , which is the most subtle of all. 

Lemma 4.28 (Almost disjointness of the Wn ^). Fix (t,x) € M X Q. Then 
(4.98) 



< £ 



oo 



#{ne£:w^(t,x)^0} < log(±) 15 
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Proof. From the definition of w\ we see that if u4 (t, x) • t^m (£, 7^ 0, then 

_ 4™) 1 < - t \ + \t- 4 m) | < 2(ic„r 1 + |£ m |->io g (i) 

and 

|a&° - < |4 W) - ^ I + l«* - ^c m) l < 2alog(|). 
Combining these with 

l4")-4 m) l = 2|^4")-u4 m) l 

= |(£n + W(4 n) - 4 m) ) + (Cn - e m )(4 n) + 4 m) )| 

and e-^loglogli)]- 1 < |£„|, \U\ < e" 1 loglog( ±) yields 

ICn-Ul (4 n) +4 m) ) < alog(i) +alog(i)[loglog(i)] 2 < alog^Iloglog^)] 2 . 
From Lemma T4. 201 we have ii™' 1 + ic™' > fe[loglog( and so 
\n-m\ = L% L U < ^ log(i)[loglog(i)] 3 = [log( i)] 3 [loglog(i)] 4 < [log(i)] 4 . 

The lemma now follows; RHS (|4.98I) bounds the number of lattice points in a ball 
of this radius. □ 

To continue, we note that on the support of Wn we have u n (t, x) = u n {t, x) and 
v n (t,x) = v n (t,x). We rewrite w„ as follows: 

w£\t,x) = exp{ii|£ n | 2 - i£ n ■ (x* - x^)}[u n (t,x.^) - v n (t,x*)] 

\x-x*\\ A f\x*-x^\\^{\t-tW\\Z n \ 



«7tog(i) r\ 2alog(i) 
■eM-it\U 2 + i^n-{x-x^)} 
=: A n (t,x) ■ B n (t,x) ■ C n (t,x). 

We have the following pointwise bounds on A n , B n , C„, and their derivatives that 
are uniform in n: 

(\C n (t,x)\ < 1, \VC n (t,x)\ < |£„| < E-MoglogCi), 
\(id t + A)C n (t,x)=0, 

j\B n (t,x)\ < 1, \VB n (t,x)\ <<7- 1 + [ CT log(i)]- 1 <e-$6-i, 
\\(id t +A)B n (t,x)\ < a-* + [alog(i)]- 2 + < e-i8-i, 

f \A n {t, x)\ < e-U-i log 12 (i), \VA n (t, x)\ < e -i*-i log 12 (±), 
\\(id t + A)A n (t, x)\ < e-iS-i log 9 (i), 

on the support of Wn ■ Indeed, the bounds on C n and B n follow from direct 
computations, while the bounds on A n were proved in Lemma 14.231 Using these 
bounds we immediately get 

(4-99) WIlLj-ar^xn)^ 6 "**" 1 ^!) 
(4.100) ||(^+AK 3 )|| Lriar!oo)><n) < e -i5-ilog 13 (i), 
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(3) 

uniformly for n G £. Additionally, the spacetime support of Wn has measure 

|suppu4 3 )| < [(ilog(i)£loglog(i)]CT[o-log(i)] 2 < ct 4 e log 3 ( ± ) log log 

Using this together with (|4.33j) . Lemma f4.28[ (|4.99|) . and Holder's inequality, we 
estimate 



|E c «^ 3) | 
E 



L t ~^([T,oo)xSl) 



nee 
< 

ni,...,ri4££ 



|c„J 6 



\w$(t,x)\*-...-\w\»(t,x)\idxdt 



(3) , 



< ^log 36 (I)[-loglog(i)j [ e -irtlog 12 (i)] T a 4 £ log 3 (i)loglog(I) 
<£^<T^log 82 (±) = o(l) as e^O. 
Arguing similarly and using (|4.100[) in place of (|4.99[) . we obtain 

|E<(^ t + A)^ 3 ) 



* E 



L? ([T,oo)xn) 



(id t + A)w$ (t, x) 1 1 (id t + A)w%> (t, x) | dx dt 



(3), 



< ^ log 12 (±) [| loglog(i)] 3 [e-iS-i log 13 (i)] Velog 3 ^) loglog(i) 
< e -^-llog 46 (I). 

To convert this to a bound in L\L\, we need the following consequence of Lemma l4.20l 
\{t : Ene £ c> ( ^(t,x) * 0}| < max | t W - + ^gil + 



<e<5[loglog(i)] 9 . 



Applying Holder's inequality in the time variable, we get 



|E4(^ + A) W ( ; 



(3) 



L|£=([T,oo)xn) 

< [ £ <51oglog 9 (i)] * ||E + A)w^ 



h\ a .([T,oo)xO) 



< log 24 (i) = o(l) as e^O. 

This proves (|4.89|) for w n 3 ^ and so completes the proof of Lemma 14.271 



□ 



Combining Lemmas 14.251 ET2!)1 and 14.271 yields Proposition 14. 24[ which controls 
the contribution for large times of rays that enter the obstacle. The contribution 
from short times was estimated in Proposition ^. 191 while the contributions of near- 
grazing rays and rays that miss the obstacle were estimated in Propositions l4.17l and 
14.181 respectively. Putting everything together completes the proof of Theorem l4.13l 
and so the discussion of Case (v). 
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5. Linear profile decomposition 

The purpose of this section is to prove a linear profile decomposition for the 
propagator e ltAn for data in £^(0); see Theorem 15.61 As we will see below, 
the profiles can live in different limiting geometries; this is one of the principal 
differences relative to previous analyses. 

Throughout this section, G : R 3 — > [0,1] denotes a smooth function such that 



Q(x) 



We also write & c (x) := 1 — 0(x) and d(x) := dist(x, fi c ). 

Lemma 5.1 (Refined Strichartz estimate). Let / 6 Hp(£l). Then we have 

\\e itAa f\\Ll %m n) < 11/llL (n) sup Je itA "f N \\l }0 



Proof. From the square function estimate Lemma 12. 61 Bernstein, and Strichartz 
inequalities, 

l|e* tA " f\\l% < ff (£ \e ttA VN\ 2 ) 5 d X dt 

< E // \e UAsl fN 1 \ 2 ---\e ltA VNfdxdt 

N±<---<N 5 Kx!! 

< E ll^/ivJU^ lle^/ivJU- n He itAn /^|||jo K 

•||e itA "/iv 5 |UjoJ|e WA »K|U L 

< 



sup He^/^HL, E [l + log(f )] J ^||e^/ JVl |U rL , 
•^lk itAn /iv 5 | 



< sup He^/jvlllxo E [i + MDl'd fyfrnh^MN^w 

< sup He^/ivllljo 11/11^ (n) , 

where all spacetime norms are over ffi. x fi. Raising this to the power ^_ yields the 
lemma. □ 

The refined Strichartz inequality shows that linear solutions with non-trivial 
spacetime norm must concentrate on at least one frequency annulus. The next 
proposition goes one step further and shows that they contain a bubble of concen- 
tration around some point in spacetime. A novelty in our setting is that the bubbles 
of concentration may live in one of the limiting geometries identified earlier. 

Proposition 5.2 (Inverse Strichartz inequality). Let {f n } C iJ^fi). Suppose that 

lim \\fn\\ H i ( m =A<oo and lim ||e* tAn /„|| L io (Rxfl) = e > 0. 
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Then there exist a subsequence inn, {<fi n } C Hjj(ft), {N n } C 2 Z , {(t n ,x n )} C IRxfi 
conforming to one of the four cases listed below such that 

(5-1) liminf (n) > e(^)i, 

(5.2) Uminf{||/„||| i(n) - ||/„ - cp n \\\ hm ) > , 

(5.3) lim^llle^^lli ^^,^ - ||e ifA -(/„ - ^)|li < |o j(Kx0) } > e 10 (^)¥. 
The four cases are: 

• Case 1: N n = £ 2 Z and x n — > x^ £ £1. In this case, we choose (j> £ 11^(^1) 
and the subsequence so that e ltnAn f n — <f> weakly in Hjj(fl) and we set <p n :— 
e~ u " An <p. 

• Case 2: N n — > and —N n x n — >• Xoo 6l 3 . In this case, we choose <fi £ H 1 (M 3 ) 
and the subsequence so that 

g n {x) := NnHe^^fn^N^x + x n ) -± fa) weakly m H\R 3 ) 
and we set 

4> n {x) := me- u ^[{ Xn ^){N n {x - x n ))}, 
where X n(x) = xi^x + x n ) and X (x) = 6( dia ^ c) ). 

• Case 3: N n d(x n ) — > oo. In this case, we choose <j> £ H 1 (M. 3 ) and the subsequence 
so that 

g n {x):=NnHe lt " Asi f n ){N- 1 x + x n )^4 > (x) weakly m H^R 3 ) 
and we set 

<j} n {x) := me- u ^[{Xn4>){N n {x - x n ))], 
where X n(x) = 1 - Q{ Nn %l n ) )- 

• Case 4-' N n — > oo and N n d(x n ) — > rfoo > 0. In f/ws case, we choose <f> £ iSf>(H) 
and £/ie subsequence so that 

g n (x) := ^7^(e l *" A "/„)(7V- 1 i? n a; + <) 0(x) wea% m fl^R 3 ) 
and we set 

$ n {x) :=me- it ^[4>{N n R- 1 {--x* n ))], 
where R n £ SO(3) satisfies R n e^ = |^"_^"| an d x* n £ dVl is chosen so that 

d{Xri) — \x n X n | . 

l ~ 

Remark 5.3. The analogue of <f> in Case 1 is related to <j> via <j)(x) = Nx<p(N 00 (x — 
Xqo)); see (|5.6I) . 

Proof. From Lemma 1 5. II and the conditions on f n , we know that for each n there 
exists N n £ 2 Z such that 

\\e itAn PSM\Ll%(M X a)>eiA-i. 
On the other hand, from the Strichartz and Bernstein inequalities we get 
||e* tA ^„/„|| ^ m < WPSjnhun) < N- l A. 

By Holder's inequality, these imply 

A -i e i < \\e itA »P%J n \\ Li%(UxU) 
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< l|e itA "</»||* ¥ l|e JtAn ^„/n|l! r(Rx0) 

< N 3 Ai\\p ltAn P n f II 3 

and so 

||e WAo i$ n / n |U t - (Rxn) > JVn'e(i )*• 
Thus there exist (i„,i„)flx!l such that 

(5-4) \(e lt ^P^Jn){x n )\>me(^)i. 

The cases in the statement of the proposition are determined solely by the be- 
haviour of x n and N n . We will now show 

(5.5) N n d{x n ) > (jj)TT whenever N n > 1, 

which explains the absence of the scenario N n > 1 with N n d(x n ) — > 0. The proof 
of (|5.5p is based on Theorem 12.21 which implies 

■ A ^ N '(x n ,y)\ 2 dy<N^ f [N n d(x n )][N n d(x n ) + N n \x n ~y\]e- cN ^-y\ 2 * dy 
Jn 

< [N n d(x n )} 2 [N n d(x n ) + l] 2 Nl 
whenever N n > 1. Writing 

{ ^ n A op nj n){Xn) = f e An/N* (Xn>y) [p^ 2Nn e- A ^e^Plf n ](y)dy 
Jn 

and using (|5.4p and Cauchy-Schwarz gives 

NZeij^i < [N n d(xnj\ [N n d{x n ) + l]Nl\\Pg Nn e- A ^ N "e lt " A "P§J n L 2 

— x 

< [N n d(x„)] [N n d{x n ) + l]iv|||/ n ||^ (fi) . 

The inequality (|5.5I) now follows. 

Thanks to the lower bound (|5.5p . after passing to a subsequence, we only need 
to consider the four cases below, which correspond to the cases in the statement of 
the proposition. 

Case 1: N n ~ 1 and N n d(x n ) ~ 1. 

Case 2: N n -> and N n d(x n ) < 1. 

Case 3: N n d(x n ) — > oo as n —> oo. 

Case 4: N n —> oo and N n d(x n ) ~ 1. 

We will address these cases in order. The geometry in Case 1 is simplest and 
it allows us to introduce the basic framework for the argument. The main new 
difficulty in the remaining cases is the variable geometry, which is where Propo- 
sition GTS] and Corollary 14.21 play a crucial role. Indeed, as we will see below, the 
four cases above reduce to the ones discussed in Sections [3] and 0] after passing to a 
further subsequence. 

With Proposition 13.61 and Corollary 14.21 already in place, the arguments in the 
four cases parallel each other rather closely. There are four basic steps. The most 
important is to embed the limit object <f> back inside in the form of <f> n and to 
show that /„ — 4> n converges to zero in suitable senses. The remaining three steps 
use this information to prove the three estimates (|5.ip . (|5.2|) . and (|5.3[) . 
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Case 1: Passing to a subsequence, we may assume 

N n = Nov G 2 Z and x n — > x^ G 17. 
To prefigure the treatment of the later cases we set 

g n {x) := Nn h (e Jt " An /„)(7V- 1 x + x n ), 

even though the formulation of Case 1 does not explicitly include this sequence. As 
/„ is supported in f2, so g n is supported in Q n :— N n (fl — {x n }). Moreover, 

WdnWn^in,,) = ll/nllja-i («) ~ A. 

Passing to a subsequence, we can choose 4> so that g n — <fi weakly in iJ 1 (M 3 ). 
Rescaling the relation g n <p yields 

(5.6) (e lt " A ° f n )(x) ^<t>{x) := N^N^x - Xoo )) weakly in #i,(fi). 

To see that <f> G 77^(0) when defined in this way, we note that H]j(£l) is a weakly 
closed subset of 7j 1 (M 3 ); indeed, a convex set is weakly closed if and only if it is 
norm closed. 

The next step is to prove (|5.ip by showing that 4> is non-trivial. Toward this 
end, let h := Pjy 5(x ao ). Then from the Bernstein inequality we have 

(5.7) K-*n)-*h\\ LHa) = Wi-Anr^Pftjix^h^ < 
In particular, h G H^ 1 ^). On the other hand, we have 

{<f>,h)= lim (e lt " A »f n ,h) = lim (e 1 ^" f n , P$J( Xoo )} 

n— >oo n— >oo 

(5.8) = lim (e lt " A "P£ f n )(x n ) + lim (e i4 " A "/„, P% [5( Xoo ) - 6(x n )}). 

n— >oo n— >-oo 

The second limit in (|5.8|) vanishes. Indeed, basic elliptic theory shows that 

(5.9) \\^v\\l™({\x\<r}) < -R _1 |k||L=°({|i|<2fl.}) + ^l|Aw|| L oo({| x |<2_n,}), 

which we apply to v{x) — (Pjj^e UnAsi f n )(x + x n ) with R = hd(x n ). By hypothesis, 
d(x n ) ~ 1, while by the Bernstein inequalities, 

|| p n^ e it n A n /n || igQ < N i A and || A p^ e ^ A "/„|| LS o <7V|A 

Thus by the fundamental theorem of calculus and (|5.9p , for n sufficiently large, 

|(e lt " A "/n,P^ - 6(x n )])\ < \ Xoo - x n \ WVPSy^fnh^i^Ry) 

1 _ 

(5.10) < + Nld(x n )]\ Xoo - x n \, 

which converges to zero as n — > oo. 

Therefore, using ([B7f]) . and (|5TS|> . we have 

(5.11) fe(f) 1 < \{<S>M < 11011^(0)11^11^(0) l^xiUU^y 

As e ltnA " is unitary on ij^(f2) we have ||</>„|| #1 ^ = ||</>|| ^i and so (|5. 1 1|) yields 

Claim (I5.2j) follows immediately from (|5.1I) and (|5.6p since H^^l) is a Hilbert 
space. 

The only remaining objective is to prove decoupling for the L]° x norm. Note 
(id t )h ltA ° = (-A )^e ltAn . 
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Thus, by Holder, on any compact domain K in K x R 3 we have 

From Rellich's Lemma, passing to a subsequence, we get 

e itAfl e itnAa f n e itAf2 strongly in L 2 tx {K) 

and so, passing to a further subsequence, e ltAn e lt ™ An f n (x) —> e ltAn (j){x) a.e. on if. 
Using a diagonal argument and passing again to a subsequence, we obtain 

e 4 * As V*" Af 7„(x) -S- e 4 * An (/)(x) a.e. in R x R 3 . 

Using the Fatou Lemma of Brezis and Lieb (cf. Lemma I2.1j) and a change of 
variables, we get 

lim c |||e l * An /„||^ io c(Rx0) - ||e ltAn (/„ - 0n)|li°io ;(Rxn) | = 1 1 A n ^ 1 1 ijo^ (R x n ^ ; 
from which (|5.3[) will follow once we prove 
(5-12) \\e ttAsi cb\\ Ll o JRxn) >s(^. 

To see this, we use (|5.11[) , the Mikhlin multiplier theorem (for e ltA "P< 2N ), and 
Bernstein to estimate 

fe(i) 1 < \(<f>,h)\ = \(e UA ^,e UA "h)\ < || e ltA ^|U.o||e ltA ^|| k, 
<||e rfA ^llL-ll^ll m <^i||e ItA ^|Uio, 

LJ> 

for each \t\ < N^ 2 . Thus 

\\e ttA ^hlo >Nis(i)\ 

uniformly in \t\ < N^ 2 . Integrating in t leads to (|5.12[) . 

Case 2: As N n — !• 0, the condition N n d{x n ) < 1 guarantees that {N n x n }n>i 
is a bounded sequence; thus, passing to a subsequence, we may assume —N n x n — ¥ 
.Too G R 3 - As in Case 1, we define f2„ := N n (ft — {x n }). Note that the rescaled 
obstacles f2Jj shrink to Xoo as n — > oo; this is the defining characteristic of Case 2. 

As /„ is bounded in ij^(ri), so the sequence g n is bounded in 7J^(£7 n ) C iJ 1 (R 3 ). 
Thus, passing to a subsequence, we can choose so that g n — in _ff 1 (M 3 ). 

We cannot expect to belong to iJ^(il n ), since it has no reason to vanish on 
f2^. This is the role of Xn in the definition of </>„. Next we show that this does not 
deform <f> too gravely; more precisely, 

(5.13) Xn4> -s- <f>, or equivalently, [l - x(N~ l x + x n )} </>(x) ->■ in ij^R 3 ). 

Later, we will also need to show that the linear evolution of Xn4> m ^"n closely 
approximates the whole-space linear evolution of <fi. 

To prove (|5T3|) we first set B n := {a; e R 3 : dist(z,f2£) < diam(f^)} ; which 
contains supp(l — Xn) and supp(Vx„). Note that because N n — > 0, the measure of 
B n shrinks to zero as n — > oo. By Holder's inequality, 

|| [1 - Xi^x + x n )]4>(x)\\ Al[M;i) 

Z ||[l-x(^7 1 ^ + ^)]V0(x)|| L2(R3) + ||A- 1 (V X )(A- 1 x + T„)0(x)|| L2(R3) 

^ l|V^|| L 2 (Sn) + ||0|| L 6(B„), 
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which converges to zero by the dominated convergence theorem. 

With (|5.13|) in place, the proofs of f|5 . 1 [) and (|5.2j) now follow their Case 1 coun- 
terparts very closely; this will rely on key inputs from Section [3] We begin with 
the former. 

Let h := Pi r3 <5(0); then 

$,h)= lim (g n> h)= \im(g n ,P?"5(0))+ lim (g n , (Pf - if»)*(0)>. 



The second term vanishes due to Proposition 13.61 and the uniform boundedness of 
||ffn||#i(R3). Therefore, 

\fah)\= ]im<0 nj i?»*(O)) 



(5.14) 



lim (e lt - An f n ,m(P?"6(0))(N n {x-x n ))) 

n— ► oo 

„ti« Ac 



lim (e lt " A "/n,iV„ >P%J(x n )} > £(f )s, 

n— >oo 

where the last inequality follows from (15. 4ft . Thus, 

II^IIhi(r») £ 

as in (I5.11|) . Combining this with (|5.13p . for n sufficiently large we obtain 
UnWu^n) = I|Xt.0Hai (0,) £ £ (f )*• 

This proves (15. ip . 

To prove the decoupling in _ff^(f2), we write 

ll-^ll jji(n) - ~ ^ n lljji(n) = 2 (/«' < ? !) ")-ffi(^) - ll^llja-i (o) 
= 2 /iV" ' (e Jt " A " /„) (AT- x x + x n ) , 0(x) X „ (x) ). 



- llXn^lUi f o ) 

= 2(g„, 0)^1^3) - 2(g n ,4>(l - Xn))^i (R3) - llXn^ll^n,,)- 
From the weak convergence of g n to <fi, (|5.13|) . and (|5.1[) . we deduce 



3) > £ 2 (-|)i. 

This completes the verification of (15. 2[) . 

We now turn to proving decoupling of the -L*~.(R x O) norm, which we will 
achieve by showing that 

(5.15) 

„it An f 1 1 10 \\AtAn(t A MllO 



lim inf 

n— > oo 



|e itA - 8 ^lliio.(»xR»)- 



Notice that (|5 .3|) then follows from the lower bound 

(5-16) II^^II^JRxRSJ^^Cf)*, 

which we prove in much the same way as in Case 1: From ([5~T4]) and the Mikhlin 
multiplier theorem, we have 



< 



\(4>,h)\ 



< 



HA„ 



i°m\\e itA **prm\\ L % ( 



< 



JtA„ 



|l 10 (r 3 ) 



uniformly for \t\ < 1. Integrating in time yields (j5.16[) and then plugging this into 
(|5T5l) leads to (jOf in Case 2. 
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To establish (|5.15|) we need two ingredients: The first ingredient is 
(5.17) e itAn - [g n - Xn<t>] -> a.e. in R x R 3 , 

while the second ingredient is 

(5-18) ||e iiA «» [ Xn 4>] - e itA ^4>\\ Ll%(RxR3) -+ 0. 

Combining these and passing to a subsequence if necessary we obtain 

e itAn " g n - e ltA * 3 4>->0 a.e. in R x R 3 , 
which by the Fatou Lemma of Brezis and Lieb (cf. Lemma 12. ip yields 

hminf{||e^^ 5 „||^ (RxR3) - \\e^g n - e***^ (RxK 3 } } 

= ||e itA -^||i°jo s(RxR 3 ) . 

Combining this with f|5 . 18f) and rescaling yields (|5.15|l . 

We start with the first ingredient (|5 . 1 7[) . Using the definition of (j> together with 
(|5.13|) . we deduce 

9n~Xn4>^0 weakly in ij^R 3 ). 

Thus, by Proposition 

e" An " [g n - Xn$\ weakly in H^R 3 ) 

for each tel. By the same argument as in Case 1, using the fact that (i9 t ) 1 / 2 e rtAri " = 
(-As) n ) 1/,2 e l ' An " and passing to a subsequence, we obtain (|5.17l) . 

To establish (|5.18l) we will make use of Corollary 14.21 Note that lfm Q n = 
R 3 \ {iEoo} and by Lemma 13.21 <\> can be well approximated in ij 1 (R 3 ) by ip £ 
C^°(]Sad n ). By (|5. 13[) . for n sufficiently large, Xn4> are also weu approximated in 
H 1 (R 3 ) by the same V € C~(lS5n n ). Thus, (fBTT8|) follows by combining Corol- 
lary 14.21 with the Strichartz inequality. 

Case 3: The defining characteristic of this case is that the rescaled obstacles 
fijj march off to infinity; specifically, dist(0, 0°) = N n d(x n ) — » oo, where O n := 

N n (n-{ Xn }). 

The treatment of this case parallels that of Case 2. The differing geometry of the 
two cases enters only in the use of Proposition [3751 Corollary 14. 21 and the analogue 
of the estimate (|5.13[) . As these first two inputs have already been proven in all 
cases, our only obligation is to prove 

(5.19) Xn£->& or equivalently, e( dist }g n , ) )0(a;) -» in H^M. 3 ). 
To this end, let B n := {x £ R 3 : \x\ > \ dist(0, fl c n )}. Then by Holder, 

ll e ( distioW) )^)||gi ( R3) £ HV0(a:)|U=(B n ) + Hh^B n )- 

As 1b„ — ► almost everywhere, (|5.19|) follows from the dominated convergence 
theorem. 

Case 4: Passing to a subsequence, we may assume N n d(x n ) — > d x > 0. By 
weak sequential compactness of balls in H 1 (R 3 ), we are guaranteed that we can find 
a subsequence and a cf) £ _ff 1 (R 3 ) so that g n — 1 (j> weakly in this space. However, 
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the proposition claims that <j> £ Hjj(M). This is a closed subspace isometrically 
embedded in iJ^R 3 ); indeed, 

ff£(H) = {g £ H^M 3 ) : f M3 g(x)ip(x) dx = for all ip £ C c °°(-H)}. 

Using this characterization, it is not difficult to see that } £ fTj,(H) since for 
any compact set K in the left halfplane, K C f2£ for n sufficiently large. Here 
fl n := iV„i?~ 1 (il — {x n }), which is where g n is supported. 
As € Hj-)(M.) we have <f> n £ ii^fi), as is easily seen from 

ieH^ N~ 1 R n x + x* £ H„ := {y : (x n - x* n ) • (y - <) > 0} C fi; 

indeed, i9H n is the tangent plane to dQ. at x* n . This inclusion further shows that 

( 5 - 20 ) ll^lliji,(H) = lk"lliji,(H„) = 1 1 'Ml.ffi (fi) ' 

To prove claim (|5.1[) it thus suffices to show a lower bound on To this 

end, let h :— P^Sd^e-j- From the Bernstein inequality we have 

(5-21) ||(-A H )-*fc|U»(n)<l. 

In particular, h £ i7^ 1 (H). Now let x n := N n R~ 1 (x n — x* n ); by hypothesis, x n — > 
doo e 3- Using Proposition 13 . 61 we obtain 



(I h) = lim { (g n , if»fc n ) + (g n , [if - P? n ]5 dooe3 ) + (g n , if- [S dooe3 - fej) } 

= lim {NnHe^^P^ f n ){x n ) + ( 9n , if" [5 doo e 3 - &„])}. 

Arguing as in the treatment of (|5 . 10[) and applying (15.9[) to = (P x "3r»)( a; +^n) 
with i? = hN n d(x n ), for n sufficiently large we obtain 

\(gn,Pi™[Sdaae 3 ~ <fej)| < A(d^ + rfoo)Mooe 3 - x n \ -> as n -»• oo. 
Therefore, we have 

KM>I >^)', 

which together with and (pT2Tj) yields (|5TT]) . 

Claim (|5.2j) is elementary; indeed, 



The proof of (|5.3[) differs little from the cases treated previously: One uses the 
Rellich Lemma and Corollary 14.21 to show e ltAsin g n — > e ttAa (f> almost everywhere 
and then the Fatou Lemma of Brezis and Lieb to see that 

Lmm = Ik^lliVxH)- 

The lower bound on this quantity comes from pairing with h; see Cases 1 and 2. □ 

To prove a linear profile decomposition for the propagator e ltA(1 we will also 
need the following weak convergence results. 
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Lemma 5.4 (Weak convergence). Assume f2 n — Q or conforms to one of 

the three scenarios considered in Proposition \3.5i Let f £ Q?°(Hmf2 n ) and let 
{(t n ,x n )}n>i cMxl 3 . Then 

(5.22) e l *" An "/(a; + x n ) -v weakly m ij x (K 3 ) as n4 oo 
whenever \t n \ —¥ oo or \x n \ — > oo. 

Proof. By the definition of lirnf2 n , we have / £ C^°(tt n ) for n sufficiently large. 
Let f^oo denote the limit of Vt n in the sense of Definition 13.11 

We first prove (|5.22[) when t n — > oo; the proof when t n — ¥ — oo follows symmet- 
rically Let V € C C °°(R 3 ) and let 

F n (t) := (e itA »«/(a ; + a ;n ),V> J y 1(Ii3) . 
To establish (|5.22[) . we need to show 

(5.23) F n {t n ) — » as n — > oo. 
We compute 

\d t F n (t)\ = |(iA nn e itA "n/( a; + a ; „),^ i ji (K 3 ) | 

= KA^e^/Cs + i^.A^^)] < WfWfrUWfr < M 1. 
On the other hand, 

11*11 A2 < l|e 4 * An "/|| io IIAV'II io 

L t 3 ([t„,oo)) L t 3 x ([t„,oo)xR 3 ) L x 7 (R 3 ) 



<., ll[ e ltA «" _e itAn »l/|| io + || e «A s ^,|i io 

£^([0,00) xR 3 ) "i^([i„,oo)xR 3 ) 



The first term converges to zero as n — ¥ oo by Theorem 14. 1[ while convergence to 
zero of the second term follows from the Strichartz inequality combined with the 
dominated convergence theorem. Putting everything together, we derive (|5.23[) and 
so (15.221) when t n — > oo. 

Now assume {t n } n >i is bounded, but \x n \ — > oo as n — > oo. Without loss of 
generality, we may assume t n — > t^ £ R as n —> oo. Let if> £ C^ C (M 3 ) and R > 
such that suppi/; C B(0, R). We write 

+ ([e lt " An - ~ e u °° A ^]f(x + x n ),i>)^ (R3) . 
By the Cauchy-Schwarz inequality, 

\(e lt ^ A ^f(x + x n )^)^ m \ < ||e it - Aft -/|| i » ( | !e |>| a!B |_ fl) ||AV||£» ( B3), 

which converges to zero as n — ¥ oo, by the monotone convergence theorem. By 
duality and Proposition 13. 61 

<ll[e it °° Afi "-e^ A ^]/||^ 1(R 3 ) ||A^||^ 1(R 3 ) ^0 as n -> oo. 
Finally, by the fundamental theorem of calculus, 

|<[e i *» A »»- e ^ A «»]/( a; + ^),^ 1(K 3 ) | ^Itn-toolHA^/H^IIA^IU., 
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which converges to zero as n — > oo. Putting everything together we deduce 

(e Jt " A °"/(x + x n ), -0)iji( R 3) as n -> oo. 
This completes the proof of the lemma. □ 

Lemma 5.5 (Weak convergence). Assume Q n = Q or {fl n } conforms to one of 
the three scenarios considered in Provosition \3.5[ Let f n £ Hp(VL n ) be such that 
f n — 1 weakly in iJ^R 3 ) and let t„ -J i M £ M. Then 

e itreAn "/„ weakly m H 1 ^ 3 ). 



Proof. For any if) g C° 

| ([e ^A n „ _ e ^A n „ ]/njV))i . i(R3) | < || [e «„A„ B - e ^^ ]fn \\ L2 \\ A ^ L2 

which converges to zero as n — > oo. To obtain the last inequality above, we have 
used the spectral theorem together with the elementary inequality \e ltnX — e l 
\t n — tool 1 ^ 2 ^ 1 ^ 2 for A > 0. Thus, we are left to prove 



y[e it ^ A ""f n ](x)V^(x)dx = / e lt °° A ^f n ( x )(-Ai;)(x)dx -> as n 



oo 



for all -0 € C^°(IR 3 ). By Sobolev embedding, 

||e ltocAn "/„|| L « < H/nllffifRS) £ 1 uniformly in n > 1, 

and so using a density argument and the dominated convergence theorem (using 
the fact that the measure of Q n A(lS5fi n ) converges to zero), it suffices to show 

(5.24) / e lt ~ An "f n (x)4>(x)dx -> as n -> oo 

Jr 3 

for all ip <G C^°(lim f2„). To see that (I5.24| is true, we write 

where fioo denotes the limit of f2 n in the sense of Definition 13.11 The first term 
converges to zero by Proposition ^. 61 As f n — 1 in ij 1 (R 3 ), to see that the second 
term converges to zero, we merely need to prove that e~ ltooAn °° V 6 ij _1 (R 3 ) for 
all ip £ C^°(limSl„). Toward this end, we use the Mikhlin multiplier theorem and 
Bernstein's inequality to estimate 

lle-^A^^ ^ < He-^A^pO^n^ + £ He-^-P^II^ 

W>1 



< W r * + V(iv 2 too> 2 ||P^VI 



AT>1 

<||^|| if + ||(-AnJ 3 Viy <*1- 



This completes the proof of the lemma. □ 

Finally, we turn to the linear profile decomposition for the propagator e ltAn in 
ijjj(r2). This is proved by the inductive application of Proposition 15.21 To handle 
the variety of cases in as systematic a way as possible, we introduce operators G J n 
that act unitarily in ij 1 (R 3 ). 
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Theorem 5.6 (H]j(Q) linear profile decomposition). Let {/„} be a bounded se- 
quence in Hjj(Q). After passing to a subsequence, there exist J* G {0, 1, 2, ... , oo}, 

W n }f=i C HhW> i^i=i C (0,oo), and C M x O conforming to 

one of the following four cases for each j: 

• Case 1: A^ = A^,, 4 — > 4o> and i/iere is a ^ G ij^(fi) so i/iai 

We de/me [<%/](*) := (A£)"*/(2g£) and ^ := (A*)" 1 ^ - {4}). 

• Case ;g; X{ -> oo, -(A£) _1 4 h-i^ e R 3 , and i/iere is a 4>> £ H 1 ^ 3 ) so t/iat 

4(x) = G£ [e^ (x^)] (x) [Gif](x) := (A^/(^), 

fij := (A^)" 1 ^ - {<}), x J j^) = X(A> + 4), and = ©(di^TF) )■ 
Case 5 1 : ->■ oo and t/iere is a G ij^R 3 ) so that 



<Pi(x) = Gi [e itiA < ( x ^)] (x) K/](x) := h f (ZzjjL) , 

CV n := (A{) _1 (f2 - and X £(x) = 1 - 9(gg). 

• Case ^: A^ -> 0, -> d^ > 0, and i/iere is a & G i?i,(H) so fftaf 

4(*) = G£[e^ A ^](4 ^ [G i /]W:= (A^-i/(Mr^(4r) ); 

fl* := (A^)" 1 ^)- 1 ^ - {(<)*}), G dn is defined by d{x{) = \x{ - 

(4)*|, and i?& G SO(3) satisfies i%e 3 = ^ijg, - 
Further, for any finite < J < J* , we have the decomposition 

J 

J 



i=i 



wit/i G Hp(n) satisfying 

(5.25) lim t limsup Ue^^^ic, (Kxn) = 0, 



J—*J* n— >oo 

J 



(5.26) lim {||/„||^ (n) - £ ||4ll^ ( a) - H<ll^(n)} = °> 

i=i 
j 

(5-27) lim {||/ n ||£ a(n) - E ll^lli-(n) - iKllW)} = 0, 

(5.28) e l *" A ^(G;{)- 1 u;^0 weakly in H l {R 3 ), 
and for all j ^ k we have the asymptotic orthogonality property 

X j X k \x j -x k \ 2 \t j (X 3 ) 2 - t k (X k ) 2 \ 

(5.29) lim — ^- + — ^ + . + 1 n[An) . tn[ n) 1 = oo. 

A* Xi XiX k XiX k 

Lastly, we may additionally assume that for each j either P n = or P n — > ±oo . 
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Proof. We will proceed inductively and extract one bubble at a time. To start with, 
we set := /„. Suppose we have a decomposition up to level J > obeying (|5.26|) 
through (Note that conditions (105)) and ((5T2T)1) will be verified at the end.) 

Passing to a subsequence if necessary, we set 

Aj := lim H^lljji (Q) and e,j := lim ||e 4 * Af! m^|| L io (Rxn) . 

If Ej = 0, we stop and set J* = J. If not, we apply the inverse Strichartz inequality 
Proposition 15.21 to w J n . Passing to a subsequence in n we find {<^ +1 } C i/^>(Sl), 
{A.^ +1 } C 2 Z , and {{t J n +1 clx!!, which conform to one of the four cases 

listed in the theorem. Note that we rename the parameters given by Proposition l5.2l 
as follows: A;{ +1 := N' 1 and t J n +1 := -N%t n . 

The profiles are defined as weak limits in the following way: 



? +1 = wdim^+VV^ 1 ^ 2 ^] = w-lime""" A «n +1 [(G^ l +1 )^ 1 w J 



n i ' 



where G^ +1 is defined in the statement of the theorem. In Cases 2, 3, 4, we define 
4> J+1 := <p J+1 , while in Case 1, 

f+\x) := G J ^ 1 4> J+l {x) := (Ai+ 1 )"*^+ 1 (*=^ 



A 



Finally, is defined as in the statement of the theorem. Note that in Case 1, 

we can rewrite this definition as 



where := (A^ +1 ) _1 (n - Note that in all four cases, 

(5.30) lim lle-^ 1 ^ 1 ^ 1 )- 1 ^ 1 - ^ +1 \\h H ^) = 0; 

see also ()5.13p and ()5.19[) for Cases 2 and 3. 

Now define w^ +1 := — <t>n +1 ■ By (|5 .30[) and the construction of (f> J+1 in each 
case, 

e""" + ' A «i +1 {G J n +l )- l w J n +1 - weakly in H\R 3 ), 
This proves (|5 . 28f) at the level J + 1. Moreover, from Proposition 15 . 21 we also have 

Jidll<llk(n) - \^ + % hm ~ \\™ J n +1 \\% hm } = 0- 

This together with the inductive hypothesis give (|5.26j) at the level J+ 1. A similar 
argument establishes (|5.27p at the same level. 

From Proposition 15 .21 passing to a further subsequence we have 



(5.31) 



J+1 ~~ n-So " n " L t 10 *(»x^) - J 



If sj+x = we stop and set J* = J + 1; moreover, (|5.25l) is automatic. If e,/ + i > 
we continue the induction. If the algorithm does not terminate in finitely many 
steps, we set J* = oo; in this case, (|5.31l) implies ej — > as J — > oo and so (|5.25|) 
follows. 

Next we verify the asymptotic orthogonality condition (|5.29[) . We argue by 
contradiction. Assume (|5.29p fails to be true for some pair (j, k). Without loss of 
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generality, we may assume j < k and (|5.29j) holds for all pairs (j, I) with j < I < k. 
Passing to a subsequence, we may assume 

(5.32) ^_>A e(0,oo), ^^^x , and M Y n) -> t„. 

From the inductive relation 

fe-i 

and the definition for d> k , we obtain 



k = w-lime- lt "^[(G k n )- 1 w k n 

n— foo 

(5.33) =w-lime- <t - A »ft[(<#)- 1 < 



n— >-oo 
fc-1 



(5.34) - w-Bme^iRGiD-Vn]- 

We will prove that these weak limits are zero and so obtain a contradiction to the 
nontriviality of <fi k . 

We rewrite (|5.33[) as follows 

= (G^)- 1 Gie j(t "" t "(^ )A ^[e^" A ""(G^)- 1 <]. 

Note that by ([532]) . 

" "(A J „) 2 A^A£ 'a£ V 

Using this together with (I5.28[) , Lemma T5.51 and the fact that the adjoints of the 
unitary operators (G k l )~ 1 G 3 n converge strongly, we obtain (15.33)) = 0. 

To complete the proof of (|5.29[) . it remains to show (|5.34[) = 0. For all j < I < k 
we write 

e-^(G*)-V n = (G»)- 1 ^e iW -*^ A oi[e^ A ot(^J-^. 
Arguing as for (|5 . 33[) . it thus suffices to show 

e" <A "i (Gi)- 1 ^ weakly in tf^R 3 ). 
Using a density argument, this reduces to 

(5.35) I n := e~ <A « 3 » (G{ l )~ 1 G l n e t " An ™(j) weakly in H^R 3 ), 

for all 4> € C^°(limf2j 1 ). In Case 1, we also used the fact that (G l n )~ 1 G l 00 converges 
strongly to the identity. 

Depending on which cases j and I fall into, we can rewrite /„ as follows: 
• Case a): If both j and I conform to Case 1, 2, or 3, then 



«(*n-*i(|f) ) A oi l J ( + < - x\ 

A„ 
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Case b): If j conforms to Case 1, 2, or 3 and I to Case 4, then 



I„ 



1 1 Ki 



X n ( X n) ) 



• Case c): If j conforms to Case 4 and I to Case 1, 2, or 3, then 

( R^X^x + (x^) — x n 



A',, 



• Case d): If both j and I conform to Case 4, then 

J ( {R l n )-^{Ri\ix + (4)* - (4)*) 



A„ 



We first prove l|5.35p when the scaling parameters are not comparable, that is, 



< 



n— ^oo A 1 V 

We treat all cases simultaneously. By Cauchy-Schwarz, 

| (^n, V J ) J H-i(K3) | < min|||A/„|| L 2( R 3)||?/;||L2(R3), ||-fn|U 2 (R 3 ) ||Al/'||i2( R 3)| 

K Ki 

Tf ll^0IU 2 (K 3 )ll' i /'IU 2 (R 3 ), -jII0IIl 2 (K3)II^^IIl 2 (R 3 ) 
A n An 

which converges to zero as n — > oo, for all tp € (M 3 ). Thus, in this case (|5.34p = 
and we get the desired contradiction. 
Henceforth we may assume 

X j 

lim -f = A S (0,oo). 
n->oo A„ 

We now suppose the time parameters diverge, that is, 

fe(A^) 2 -^(A„) 2 | 



lim 



A«A„ 



then we also have 



n n 



/■' I ^ 



^(Ak) 2 - ^(A^) 2 | K 
Ai 



A5,A J n 



— > oo as ri — > oo. 



We first discuss Case a). Under the above condition, (15.35)) follows from 



a; 



s ^-* 3 „(f ) 2 K 



-</> ) (A a; + (A^)" 1 ^ " £«)) - 1 weakly in i^QR 3 ), 



which is an immediate consequence of Lemma l5.4l In Cases b), c), and d), the proof 
proceeds similarly since SO(3) is a compact group; indeed, passing to a subsequence 
we may assume that R^ — > Rq and R l n — > Ri , which places us in the same situation 
as in Case a). 

Finally, we deal with the situation when 



(5.36) 



A'„ 



Ao, 



t l n (x l n ) 2 -ti(xif 



AnAjj 



to , but 



An A' 



— > oo. 
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Then we also have t l n — ^(A£) 2 /(A„) 2 — > Xoto. Thus, in Case a) it suffices to show 

(5.37) xle toXoA <<p{X Q x + y n ) weakly in ii^R 3 ), 

where 

xi, X n x\. X n / An 



A„ 



— > oo as n — > oo. 



The desired weak convergence (|5.37[) follows from Lemma I5T41 

As 5*0(3) is a compact group, in Case b) we can proceed similarly if we can show 

H-«r\ 



x„ 



— > oo as n — ¥ oo. 



But this is immediate from an application of the triangle inequality: for n suffi- 
ciently large, 

\ x n ~~ ( x n) I > \ X n ~ X n I _ \ X n ~ ( X n) I ^ \ X n ~ X n I _ ^ 



\i — \i \i — \i 

Case c) can be treated symmetrically. Finally, in Case d) we note that for n 
sufficiently large, 




n — > oo. 

The desired weak convergence follows again from Lemma 15.41 

Finally, we prove the last assertion in the theorem regarding the behaviour of t J n . 
For each j, by passing to a subsequence we may assume t J n — > P G [— oo, oo]. Using 
a standard diagonal argument, we may assume that the limit exists for all j > 1. 

Given j, if t 3 ~ ±oo, there is nothing more to be proved; thus, let us suppose 
that t J 6 (—00,00). We claim that we may redefine t J n = 0, provided we replace 
the original profile <f>> by expjit 5 A fiJ }<^, where denotes the limiting geometry 
dictated by the case to which j conforms. Underlying this claim is the assertion 
that the errors introduced by these changes can be incorporated into w^. The 
exact details of proving this depend on the case to which j conforms; however, the 
principal ideas are always the same. Let us give the details in Case 2 alone (for 
which £1^ = R 3 ). Here, the claim boils down to the assertion that 

(5.38) lim \\e<^ 2A -[Gi( X i^)} - G^e* )\\ # = 0. 

To prove (|5 . 38[) we first invoke Lemma 13.21 to replace <j>> by a function ip E 
C^°(lhhr2^). Moreover, for such functions ip we have Xnip — ip for n sufficiently 
large. Doing this and also changing variables, we reduce (|5.38l) to 

(5.39) lim ||e lt '' A ^ - X ^ A « 3 i\>\ kx = 0. 
We prove this by breaking it into three pieces. 
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First, by taking the time derivative, we have 

which converges to zero since t 3 n — » P . Secondly, we claim that 

e lt Af! ™ V -> e lt3 a t- 3 ip strongly in ff 1 (R 3 ) as n -> oo. 

Indeed, the ij^lR 3 ) norms of both the proposed limit and all terms in the sequence 
are the same, namely, ||V'll J H'i(R3)- Thus, strong convergence can be deduced from 
weak convergence, which follows from Proposition 13.61 The third and final part of 
(|5.39|) . namely, 

||(l-X^)e^ A » 3 ^||^ 1(R3) ->0 as n->oo, 

can be shown by direct computation using that X 3 n — > oo; see the proof of ()5.13[) . 
This completes the proof of the Theorem 15.61 □ 



6. Embedding of nonlinear profiles 

The next step in the proof of Theorem 11.31 is to use the linear profile decompo- 
sition obtained in the previous section to derive a Palais-Smale condition for mini- 
mizing sequences of blowup solutions to (jl.ip . This essentially amounts to proving 
a nonlinear profile decomposition for solutions to NLSji ; in the next section, we will 
prove this decomposition and then combine it with the stability result Theorem l2.9l 
to derive the desired compactness for minimizing sequences of solutions. This leads 
directly to the Palais-Smale condition. 

In order to prove a nonlinear profile decomposition for solutions to (|1.1|) . we have 
to address the possibility that the nonlinear profiles we will extract are solutions 
to the energy-critical equation in different limiting geometries. In this section, we 
will see how to embed these nonlinear profiles corresponding to different limiting 
geometries back inside Q. Specifically, we need to approximate these profiles globally 
in time by actual solutions to (jl.ll) that satisfy uniform spacetime bounds. This 
section contains three theorems, one for each of the Cases 2, 3, and 4 discussed in 
the previous sections. 

As in Section [5j throughout this section 8 : R 3 — >• [0, 1] denotes a smooth 
function such that 



e(aO 



'0, \x\<\, 

1, 1*1 >i. 



We will also use the following notation: 

X\I x f2) := L\%{I x fi) n L\H]^{I x 9). 

Our first result in this section concerns the scenario when the rescaled obstacles 
fi£ are shrinking to a point (cf. Case 2 in Theorem l5.6l) . 

Theorem 6.1 (Embedding nonlinear profiles for shrinking obstacles). Let {A„} C 
2 Z be such that X n — > oo. Let {t n } C M be such that t n = or t n — > ±oo. Let 
{x n } C f2 be such that — A^ 1 ^ -> e K 3 . Let (f> e i/ 1 (R 3 ) and 

0„(x)=A.-^ lt " A " A "[( X „0)(^)], 
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where Xn( x ) — x(X n x + x n ) with x( x ) = Q( diam(f2 c ) ) - Then for n sufficiently large 
there exists a global solution v n to NLSn with initial data v n (0) = <p n which satisfies 

IKIL t io x (Rxfi) % i) 

with the implicit constant depending only on Furthermore, for every e > 

there exists N e £ N and ip £ € C£°(1R x M 3 ) such that for all n > N £ we have 

(6.1) \\v n (t - X 2 n t n ,x + x n ) - X~^ip e (X-H, A^ 1 x)||^ 1(RxR3) < e. 

Proof. The proof contains five steps. In the first step we construct global solutions 
to the energy-critical NLS in the limiting geometry R 3 and we record some of their 
properties. In the second step we construct a candidate for the sought-after solution 
to NLSn . In the third step we prove that our candidate asymptotically matches the 
initial data <fi n , while in the fourth step we prove that it is an approximate solution 
to (|1.1[) . In the last step we invoke the stability result Theorem I2.9I to find v n and 
then prove the approximation result (|6.ip . 

To ease notation, throughout the proof we will write — A = — Ar3. 

Step 1: Constructing global solutions to NLSk3. 

Let 9 := j^j. The construction of the solutions to NLSr3 depends on the be- 
haviour of t n . If t n = 0, let w n and be solutions to NLSr3 with initial data 
w n {0) = 4><\l an d Woo(0) = <f>. 

If instead t n — > ±00, let w n be the solution to NLSr3 such that 

|j w n (t) - e ltA <p<xi llij-i(R3) -> as t -> ±00. 
Similarly, we define Woo as the solution to NLSr3 such that 

(6.2) \\w oo (t)-e itA 4>\\j I1(R3) ^0 as t -> ±00. 
By [19j . in all cases w n and Woo are global solutions and satisfy 

(6-3) ll^nlls^RxR 3 ) + ll u 'oo|l5i( RxR 3) < 1, 

with the implicit constant depending only on \\(f>\\ ^ ± . Moreover, by the perturbation 
theory described in that paper, 

(6.4) I1 lin iJl u; ™ ~ ^lls^RxR^) = 0. 

By Bernstein's inequality, 

II^<a»IU.(h») ~ A « S_1) for an y « > 1. 
and so the persistence of regularity result Lemma 12.101 gives 

(6-5) ll|V|*itf„||s 1(RxR 3)<A£' for any s > 0, 

with the implicit constant depending solely on ||</>||#-i. Combining this with the 
Gagliardo-Nirenberg inequality 

||/||l-<||V/||| s ||A/||J S) 

we obtain 

(6.6) \\m'w n U~ < X e n {s+i \ 
for all s > 0. Finally, using the equation we get 

5 ~® 

(6.7) ||9tWn||L~.(HxR 3 ) < II^Wn||L t =° x (RxR 3 ) + ll w «llz,f> x (RxR3) ~ A ™ • 
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Step 2: Constructing the approximate solution to NLSn. 

As previously in this scenario, let Q n ■— A" 1 (il — {x n }). The most naive way 
to embed w n (t) into Q n is to choose v n (t) = XnW n (t); however, closer investigation 
reveals that this is not an approximate solution to NLSq, unless one incorporates 
some high-frequency reflections off the obstacle, namely, 

z n (t) :=i f e i ( t - 5 ) A ««(Ao n x„)^ n ( S ,-A- 1 a ;n )d S . 



The source of these waves is nonresonant in spacetime due to the slow variation in 
time when compared to the small spatial scale involved. This allows us to estimate 
these reflected waves; indeed, we have the following lemma: 

Lemma 6.2. For any T > 0, we have 

(6.8) limsup IKIIi-i([_T,T]xn„) = 

n—^cxD 

(6.9) ||(-Anj4z„|U=o i |( [ _T,T]xQ n ) <Ar l+l V + A- 2e ) for all < a < f. 

Proof. Throughout the proof, all spacetime norms will be over [—T,T] x Vt n . We 
write 

Zn(t) = - f [e itA ^d s e- isA °n X n]w n (s,-\- l x n )ds 

JO 

= -XnW n (t, -X^Xn) + e ltAn ™ [x„w„(0, -A" 1 ^)] 

+ f\e^- s)An -Xn}d s w n ( s , -A- 1 ^) ds. 
Jo 

■ i 22 

We first estimate the L^Hjj 11 norm of z n . Using the Strichartz inequality, the 
equivalence of Sobolev spaces Theorem 12 .3[ (|6.6|) . and (|6.7|l . we get 

\\z n \\ 5 .i,M < \\^Xn{x)w n {t,~\^ 1 X n )\\ ^ + \\\7Xn(x)w n (0,-\- 1 X n )\\ L 2 
L t H D L^Lx 

+ WVxn(x)d t w n (t,-X 



^ T 5 ||VX„|| 30 ||tO n |U« + ||VXn|Ua||^n||i|^ + T\\ VXn||iJ ||9{«>n||i° 

< Ts\ n 10 + 2 + A„ 2 + 2 + TA„ 2 + 2 ^0 as n oo. 
Similarly, using also Sobolev embedding we obtain 

\K\\lI% < \\(-A n jh n \\ so 

i$ ||Vx n (x)u; n (t, — A" 1 ^)!! io so + ||Vx„(a;)u; Il (0,-A~ 1 a; n )|| i 2 

<^||VXn|l f§IKIU t ~ + l|VXn|MK|U t ~* + T l|VXn||i3l|9 t t(;„|U~ 

(6.10) <TtoA,T^ + ^ +Xn^ + ^ +TX n ^ 6 ->0 as n -> oo. 



This proves 

To establish (I6.9[) . we argue as before and estimate 
||(-An n )^n|U~ij < ||(-A) f Xr 1 w„(t,-A^ 1 a;„)|| i oo i 2 + ||(-A)*Xn'Wn(0, -A- x x n )IUj 
+ ll(-A) s Xn5 t u;„(t,-A I 7 1 x„)|| i i L 2 
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< ||(-A) = Xnlk!lKIU- +T||(-A) = x«IM|d t w„|| i? o 

< A^ 2 + 2 + TX n 2 + 2 
<Ar i+fe (T + A^). 

This completes the proof of the lemma. □ 
We are now in a position to introduce the approximate solution 

(XnHxnWn + Zn^X-H^-^X-Xn)), \t\ < \%T, 

u n (t, x) := I e^l^VniXlT, x), t > X 2 n T, 

U i(t+A " T)An ^(-^T>), t<-X 2 n T, 

where T > is a parameter to be chosen later. Note that v n has finite scattering 
size. Indeed, using a change of variables, the Strichartz inequality, (|6.3[) . (|6.9p . and 
([610)) . we get 

IIWnlUiyMxQ) ^ I|X«W« + z Jl»([-T,T]xfl„) + \\(XnW n + Z n ) (±T) Hjji^nj 

\\ w n\\L}%(RxR 3 ) + IWIz4°,([-T,T]xO„) + II Xn | L~ || Vw„ || L^Ll (RxR3) 
+ ||VXn||i| ||w„||l~L6(RxR 3 ) + ||(-An n ) 5 ^n||l,fi5([-T,T]xn n ) 

(6.11) < 1 + T-A„ 10+2 +A„ 2 + 2 +TA„ 2 + 2 . 

Step 3: Asymptotic agreement of the initial data. 

In this step, we show (cf. the smallness hypothesis in Theorem I2.9j) 

^ ^^"'(-^ 

We first prove (16.12[) in the case when t n = 0. Using the Strichartz inequality, a 
change of variables, and Holder, we estimate 

ll(-An)4e^[ 5n (Q)-0 n ]|| i;oi| o (Rxn) 

<||(-A n )*[« n (0)-6J|| £S 
^ l|v[x„0< A « - x«0]||l2 

^ l|Vx„||i|||^<Ae ~ 0||is + ||x«||z,g=||V[0< x e ~ 

which converges to zero as n — > oo. 

It remains to prove (|6.12p in the case t n — ¥ oo; the case t n — > — oo can be treated 
similarly. As T > is fixed, for sufficiently large n we have t n > T and so 

v n (X 2 n t n , x) = e^- T ^ A -v n (X 2 n T, x) = e ^- T ^ A - [X~^ ( Xn w n + z n ) (T, ^)] . 
Thus by a change of variables and the Strichartz inequality, 
||(-A n )ie-[,„(A^„)-^|| iti0i|S(Rj<a) 

= \\(-A n SHe tit ~ T)A ^(XnW n + z n )(T)-e^( Xn cj))}\\ m 

< || (- A fin ) X -z n (T) || £ j + || (- A n „ ) * [x« K - ) (7)] |U » 
+ ||(-A nw )*e^[e^( XB t Boo (r))- X ^]|| fi(Bx0ii) . 



02 



R.KILLIP, M.VISAN, AND X. ZHANG 



Using (|6.4j) and (|6.9p . we see that 

|| (- Af} n ) izn(T) || L 2 + || (- Aq„ ) * [Xn [w n - Woo) (T)] || L 2 

< A„ 5+ " 9 (T + \~ 2e ) + \\VXn\\Ll\\w n - WooHiooLB + 1 1 \n | | L~ || V(»„ - 1Uoo) || if , 

which converges to zero as n — > oo. Thus, to establish ()6. 12|) we are left to prove 
(6.13) 

t"^ P IK-AoJ^e— [e— ( X „^(T)) - X^]||^ o48(Rxnn) = 0. 
Using the triangle and Strichartz inequalities, we obtain 

ll(-AnJ^^^e-^Kx,^(T))-x^]|l LtIOi|S(Rxan) 
< ||(-A n „)5(x„iy c(T)) - X n(-A)5 Woo (T)|| L 2 



[ e <(t-r)A a „ _ e i(t-T)A 



][x„(-A)^(T)]|| « 



|e-* TA [x„(-A)5 Woo (T)] - x „(-A)^|Uj 



ltAn "-e ItA ][ Xn (-A)^ 



L t 10 L?(Ixn„) 

+ ||(-An„)*(xn0) - Xn(-A)i^||i2. 

The fact that the second and fourth terms above converge to zero as n — > oo follows 
from Theorem 14.11 and the density in of functions supported in M 3 minus 
a point. To see that the first and fifth terms above converge to zero, we note that 
for any / G ^(M 3 ), 

||(-AnJ*(x„/) - Xn(-A)i/|| i3 < ||(1 - X „)(-A)*/IU S + ||(-A)*[(1 - X«)/]|U 2 

+ ||(-AnJ^(Xn/) - (-A)Hxnf)hi 

as n — )■ oo by Lemma 13.71 and the monotone convergence theorem. Finally, for the 
third term we use (|6.2[) and the monotone convergence theorem to obtain 



iTA 



[x„(-A)5 Woo (T)]- X n(-A)^|| 



L'i 



< ||(1 - Xn)(-A)ltI>oc(T)||^ + ||(1 - Xn)(-A)^|| L 2 

+ ||e-'^ A (-A)i Woo (T) - (-A)h\\ Ll -> 0, 

by first taking n — > oo and then T — > oo. This completes the proof of (|6.13p and 
so the proof of (|6.12[) . 

Step 4: Proving that v n is an approximate solution to NLSq in the sense that 

id t V„ + A n v„ = {Vn^Vn + e„ 

with 

(6.14) lim limsup||e n ||^ 1(IK u) = 0. 

We start by verifying (|6.14l) on the large time interval t > \ 2 n T; symmetric 
arguments can be used to treat t < — X^T. By the definition of v n , in this regime 
we have e„ = — |fVi| 4 Un- Using the equivalence of Sobolev spaces, Strichartz, and 
(|6.9[) . we estimate 

IKIW^nxn) < \\(~ A ^(\^)\\ L f L p ({t>KT}xQ) 



ENERGY-CRITICAL NLS OUTSIDE A CONVEX OBSTACLE 93 

< ||( — An) 5 «n|| = 30 ||5„|| fio /'r t ^\2 T i y .ol 

< ll(-A n „)^[x„w n (T) + z n (r)]|| L 2||u, i ||^io ;({t>A 2 T}x0) 

y "lll& ({t>J£T}xn)- 



< \l + Xn^(T + ^)]\\vJ 4 



Thus, to establish (|6.14l) it suffices to show 

(6.15) lim limsup \\e^- x ' T ^ a v n {X 2 n T)\\ Li o ■ ({t>A 2 T}xn) = 0, 

to which we now turn. 

As a consequence of the spacetime bounds (|6.3p . the global solution Woo scatters. 
Let w+ denote the forward asymptotic state, that is, 

(6.16) ||e _, * A u>oo(t) - 'W+llij-ima) -> as i -> oo. 

(Note that in the case when t„ — > oo, from the definition of we have io+ = 
(f>.) Using a change of variables, (|6.9p . the Strichartz and Holder inequalities, and 
Sobolev embedding, we obtain 



«(* A " T)An w„(A^T)|| L io c((A 2 T:0o)x0) 

ltAn "(Xn^(T) + z„(T))|| ii o x([0!0o)xnn) 



< ||(-A n J^ n (T)|| iS + ||(-AnJ = [ x „K(T) - Woo (T))]\\ Ll 

+ ||(-AnJ^[Xn(^oo(T) - e jTA W+ )]|| L 2 + \\^ A ^[Xne iTA w + }\\ Ll%ao ^ )xQn) 

< \n k+¥ (T + \- 29 ) + \\w n (T) - ttfoo(T)|| Aj + HtUooCT) - e iTA w + || ^ 

+ \\[e UAn " ~ e ltA }[ Xn e iTA w + }\\ Lt o A[0t0o)xm + ||V[(1 - X n)e lTA w + ]\\ Ll 
+ \\e itA w + \\ L}%moo) 



which converges to zero by first letting n — > oo and then T —¥ oo by (|6.4[) . (|6.16l) . 
Corollary 14. 21 and the monotone convergence theorem. 

We are left to prove (|6.14[) on the middle time interval \t\ < X^T. For these 
values of time, we compute 



e n (t,x) = \{id t + A n )v n - \v n \ 4 v n ](t,x) 



= -A„ 2 [Ax„](A n 1 (a; - x n ))w n {X n 2 t, -X n l x n ) 
+ X n 2 [Ax n w n }(X~ 2 t, X^(x - x n )) 
+ 2A^*(Vx„ ' Vw n )(X-H, A" 1 (a; - x n )) 

+ X n 2 [Xn\w n \ 4 W n - \x n W n + Z n \ 4 (x„W n + Z n )](X~ 2 t, X~* (x - X n )). 

Thus, using a change of variables and the equivalence of Sobolev norms Theo- 
rem EH3 we estimate 



H e »IW| t |<A 2 T}xO) < IK- A ^" e ™ll L ¥ ({|t| < A 2 T}x0) 

(6-17) < \\V[Ax n (w n (t,x)-w n (t,-X^x n ))}\\ io 

(6.18) +m V Xn .V Wn ]\\ LfA[ _ T>T]x ^ 
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(6.19) + ||V[x„|w„| 4 w„ - \xnW n + z n \ 4 (x 



Using Holder, the fundamental theorem of calculus, and (|6.6|) . we estimate 
m^<T^\\A X n\\ L ^\\Vw n \\ L ^ 

+ TTO||VAx n || w \\w n (t,x) ~ W n {%-\~ l X n )\\ L? = x (R XS uppA x „) 

< T^\-^+i e + T*A#A- 1 ||Vw n || i » 

<TwA~™ + ^^0 as 7W00. 

Notice that the cancellations induced by the introduction of z n were essential in 
order to control this term. Next, 

< [||A X „|| ¥ HV^IU- + ||V X „|| ||Aui n || L ~ ] 
<TTB[\n^ + ^ + \n^ + i6 } -> as 71 ->■ OO. 

Finally, we turn our attention to (16.191) . A simple algebraic computation yields 
ra<T*{||V[( X „-xM]|l - +||^Vz n || 10 

4 

+^[ii^r i zr fc v( X „ w „)ii ri o + ii^- fc vz„ii J}, 

fc=l f f 

where all spacetime norms are over [— T, T] x £7 n . Using Holder and (16.6[) . we 
estimate 

HV[(x n -xM]|l a <l|Vx»|| r¥ |KI|!^ + ||x„-x^lUIKIIi r J|v Wn |U- 

< A„ 10 + 2£ +A„ 

Using also (|6.9[) . Sobolev embedding, and Theorem 12. 31 we obtain 

||4V^|| 10 < ||Vz„|| LrL 2||z n ||i LW < \\Vz n \\ L?Ll \\\V^z n \\i rL2 

< A;^ +f9 (T + A- 2e ) 5 . 

Similarly, 

ll<"n _1 *n _fc V(x„W„)|L 10 

< ||Vx„|| L 3||w n || fe 150 ||2„|| 5_ ' £ 150 + ||Vw n || LrL 2||w„||^- 1 L20 ||z„||^- fe L20 

LfL/ 1 L^LJ- 1 t x t x 

< ll|V|«u;„||i ri2 J||V|itz„||^ fe L2E + IHVlS^ll^lllVl^lli^; 



and 



L?°LJ t x -^x 



Putting everything together and recalling 9 — — we derive 

(|rTT9)) as n -)• oo. 
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Therefore, 



lim limsup||e„|| Xrl({|t|<A2T}xn) = 0, 



which together with (I6.15[) gives (|6.14l) . 

Step 5 Constructing v n and approximation by functions. 

Using (|6.11j) . (|6.12|) . and ()6.14|) . and invoking the stability result Theorem 12. 9\ 
for n (and T) sufficiently large we obtain a global solution v n to NLSq with initial 
data v„ (0) = (ft n and 

\\ v n\\Ll%(Mxn) ^ 1- 

Moreover, 

(6.20) lim limsup \\v n (t - \ 2 n t n ) - v n (t)\\g 1(u u) = 0. 

T->oo n _j.oo v ' 

To complete the proof of the theorem, it remains to prove the approximation 
result flBZEJ, to which we now turn. From the density of C™(R x R 3 ) in X 1 (R x M 3 ), 
for any e > there exists ijj e g C£°(R x R 3 ) such that 

(6.21) \\ Woo - IpeWx^xW) < I" 

Using a change of variables, we estimate 

\\v n {t ~ \ 2 n t ni X + X n ) — X n 2 1p E (X n 2 t, A„ 1 x)|| x i( RxR3 ) 

< \\v n {t — X n t n ) — V n (t)\\ x i ( RxR 3) + || ^oo — ^ellx^RxR 3 ) 
+ \\v n (t, X) — X n 2 Woo(A„ 2 , X n 1 (x — ^n))|lxi(RxR 3 )' 

In view of (|6.20j) and (|6.21|) . proving (|6.1j) reduces to showing 

(6.22) \\v„(t,x) - A^ 2 w 00 (A I 7 2 t,A~ 1 (x-x„))|| xl(KxR 3 ) < § 

for sufficiently large n and T . 

To prove (|6.22p we discuss two different time regimes. On the middle time 
interval \t\ < A 2 T, we have 

||#n(*! x ) — A„ 2 W 00 {X n 2 t 1 X n 1 (x — a; n))llx 1 ({|t|<A2 T}xR 3 ) 
^5 llXn^n + z n ~ w <x> \ \ x 1 ([— T,T] xR 3 ) 

^ II (1 — Xn) u 'oo|lx 1 ([-T,T]xR 3 ) + IXnK — w oo ) 1 1 x 1 ([-T,T] xR 3 ) + II z «ll A 1 ([-T,T] xR 3 ) > 

which converges to zero by (|6.3I) . (|6.4p . and (|6.8I) . 

We now consider \t\ > A 2 T; by symmetry, it suffices to control the contribution 
of positive times. Using the Strichartz inequality, we estimate 

\\v n {t, x) — X n 2 Woo(X n 2 t, X n 1 {x — X n ))\\ xl ^ X 2 T ; oo)xR 3 ) 

= || e '( t - T ) A ^ [ XnWn (T) + z n {T)\ - Woo|Iai((t,oo)xr 3 ) 

r^i 1 1 *7l (T)|| 

+ || e ^- T ) A ""[ X „ Woo (T)]|| xl((T!0o)xR 3 ) 
= o(l) + || e l ( t - T ) A ""[ X „«; co (r)]|| xl((T!0o)xR 3 ) as n,T^oo 
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by (|6.9|) . ()6.4|) . and the monotone convergence theorem. Using the triangle and 
Strichartz inequalities, we estimate the last term as follows: 

|| e t t T)A s -2„ [x n W cc (T)}\\ x ! ^ T ^ 

< ||[ e i(*-T)A OB _ e^ A ][ XnWoc (T)]\\^ aTt0o)xm3} + ||V[(1 - Xn)«;=o]|| iS 

+ HVle-^tflooCT) - + || e l * A ^ + b 1((Ti00)xR3) , 

which converges to zero by letting n —¥ oo and then T — > oo by Theorem 031 (|6.16l) . 
and the monotone convergence theorem. 

Putting everything together we obtain (|6.22p and so (|6.ip . This completes the 
proof of Theorem 16.11 □ 

Our next result concerns the scenario when the rescaled obstacles are retreat- 
ing to infinity (cf. Case 3 in Theorem I5.6|) . 

Theorem 6.3 (Embedding nonlinear profiles for retreating obstacles). Let {t n } C 
K be such that t n = or t n — > ±oo. Let {x n } C and {A„} C 2 Z be such that 
-> oo. Let e ij^R 3 ) and de/me 

B (ar)=A^e"»*»^[(x^)(^)], 

where Xn{ x ) — 1 — @(A n |a;|/c?(a;„)). TTien /or n sufficiently large there exists a 
global solution v n to NLSn with initial data v n (0) = 4> n which satisfies 

\\ v n\\Ll%(Mxn) ^ 1) 

with the implicit constant depending only on \\4>\\jji. Furthermore, for every e > 
there exist JV £ 6N and i)j e € C^°(K x R 3 ) such that for all n> N e we have 

(6.23) \\v n {t-\ 2 n t n ,X + X n )- A^V^A^i, A^aOllx^RxR 3 ) < £■ 

Proof. The proof of this theorem follows the general outline of the proof of The- 
orem 16.11 It consists of the same five steps. Throughout the proof we will write 
-A= -A R3 . 

Step 1: Constructing global solutions to NLSr3. 

Let := jij. As in the proof of Theorem 16.11 the construction of the solutions 
to NLSr3 depends on the behaviour of t n . If t n = 0, we let w n and be solutions 
to NLSr3 with initial data w n (0) = 4><{d( Xn )/\ n ) e an d Woo{fy = 4>- If t n — > ±oo, we 
let w n and u>oo be solutions to NLSr3 satisfying 

\\w n (t) - e^^cUxj/x^oWfrfr 3 ) ~^ and \\ w °o(t) - eltA ^llffi(R3) -> 
as f -> ±co. 

In all cases, [19) implies that w n and Woo are global solutions obeying global 
spacetime norms. Moreover, arguing as in the proof of Theorem 16.11 and invoking 
perturbation theory and the persistence of regularity result Lemma 12.101 we see 
that w n and satisfy the following: 

{ll^nlls^RxR 3 ) + ll w oo|lsi(RxR3) ~ 1) 
Wa °IUi(RxR3) =0, 
ll|Vr^b 1 (RxR3)<(% i ) S9 for ^11 S >0. 
Step 2: Constructing the approximate solution to NLSn- 
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Fix T > to be chosen later. We define 

{XnHxnWnKK^KHx-Xn)), \t\ < A^T, 
V n (t, X) := I e ,(t-A^T)A, ~ n(A 2 T; x)> t > A 2 T; 

(e^+ x « T ^v n (-XlT,x), t < -X 2 n T. 

Note that v n has finite scattering size; indeed, using a change of variables, the 
Strichartz inequality, Holder, Sobolev embedding, and (|6.24l) . we get 

ll«n||L t 10 x (Rxii) ^ IIXnWn|U t 1 i ° a ,([-T,T]xn„) + II XnW n (±T) || £i 

^ ll w «llsi(RxR3) + l|VXn||L3||w n (±T)|| L 6 + || X „ || L~ || Vw„ (±T) || L 2 

(6-25) < 1, 

where Q n := A" 1 (51 — {x n }). 

Step 3: Asymptotic agreement of the initial data: 

(6.26) lim limsup||(-Ao)'e ltA "[f}„(A^„)-^]|| 30 -0. 

T— too n^-oo L\ (Rxfi) 

We first consider the case when t n = 0. By Strichartz and a change of variables, 
ll(-A n )'e^^(0)-^]|| LtiOi|8(R><n) 

S \\(-^Qn)^\Xn(l>>(d(x n )/X n )»]\\Li(Q n ) 

^ l|VXn||z,3||0>( (j (x„)/A n )9|U| + WXnWL^W^^Xdix^/X^hl -> as U -> OO. 

It remains to prove (|6.26p when t n — > oo; the case t n —> — oo can be treated 
similarly. As T is fixed, for sufficiently large n we have t n > T and so 

5 w (A£tn,a:) - e^- T ^ A " [\~* ( XnWn (T))(^)} . 
Thus, by a change of variables and the Strichartz inequality, 

= ||(-A n .)*e^[e^( X ^(T))- XB «]|| £ ^^ 

(6.27) < ||(-A n J*[xn(w„(T) - «;oo(T))]||i2 (nn ) 

(6.28) +ll(-AnJ^ ltA ^[e- jTA ""(x^oo(T))-x„0]|L 1Or 3o m o • 
Using (I6.24p and Sobolev embedding, we see that 

< ||Vx»|Us|K(T) - ^oo(T)|| L 6 + ||xn||L-||VK(T) - wUTMli -> o 
as n -> oo. The proof of 

lim lim sup (J6T28J) = 

T->-oo n _>oo 

is identical to the proof of (|6.13l) in Theorem 16.11 and we omit it. This completes 
the proof of (|6.26[) . 

Step 4: Proving that v n is an approximate solution to NLSn in the sense that 



(6.29) lim \imsup \\(- An) i [(id t + An)v n -\v n \ 4 v n }\\jy„ (Rxn) =0. 

T->oo n -HX y ' 
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We first verify ()6.29|) for \t\ > A^T. By symmetry, it suffices to consider positive 
times. Arguing as in the proof of Theorem 16. 1[ we see that in this case (|6.29p 
reduces to 



(6.30) lim limsu V \\e^-^ Aa MXlT)\\ L} o xi(xlTi0o)xn) 



0. 



Let w+ denote the forward asymptotic state of Woq. Using a change of variables 
and the Strichartz inequality, we get 

nA(t-X 2 n T)A n ~ 



At A, 



^n(A n T) || L iO c (( A 2 Too ) xf2 ) 
n [XnW n {T)]\\ L iO x((Qoo)y , nn) 



< \\e ltA ""[Xne lTA w + }\\ LZmoo)xnn) + \\ Xn [Woo(T) - e iTA u> + ]||^ (R3) 
+ ||Xn[Woo(T') - w„(T)]||^ 1(R3) 

< || [e «A„ B _ e^]\xn^ TA w + ]\\ LWtBo)xV) + 11(1 - Xn)e lTA w + \\ H1{R3) 

+ ll eltA W+||LiO i( (T,oo)xR3) + || Woo (T) - e* TA «J+||^ 1(R3) + \\WooiT) ~ W n (T) || fyl (R3) 

which converges to zero by letting n — > oo and then T — > oo in view of Corollary |4.2l 
(and the density of C£°(M 3 ) functions in ij^R 3 )), ([OH) , the definition of w + , and 
the monotone convergence theorem. 

Next we show (|6.29j) on the middle time interval |t| < A^T. We compute 

[(id t + A a )v n - \v n \ 4 i n }(t,x) = \n~ 2 [{Xn - X 5 n)\Wnfw n ](\- 2 t, X' 1 (x - X n )) 

+ 2A^*[Vx„ ■ Vw„](A- 2 i, A- 1 ^ - a^)) 
+ \-%[A Xn w n }(\- 2 t, X-^x - i B )). 
Thus, using a change of variables and the equivalence of Sobolev spaces we obtain 

\\(-A n )^[(id t +A)v n - K| 4 Wn]||jvO((|t|<A2T)xfi) 

(6.31) < ||V[(x„ - X^)k„| 4 u; n ]||^ 0([ _ TiT]xrin) 

(6.32) + ||V(Vx„ • Vw n )|| Xr0([ _ TiT]xn7i) + ||V(Ax„«;„)||^o([_ T)T ] X n n )- 
Using Holder, we estimate the contribution of (16.31)) as follows: 

(EST]) < || ( Xn - X 5 n)\Wn\ A Vw n \\m + ||V Xn (l - 5**K|| 4 



30 



T "3" 



W 



oo|| rlO 



L |x|~^ W <»llla, 



+ IW|L5L3o||VXn|| L 3 ||w„ - WooHlio + II , d(»„) Woolljio 

t a. \_ t,as I***! t,a; 

by the dominated convergence theorem and (|6.24p . Similarly, 



0. 



(IQ21 <T 



n \\L?° L 



IIAXnl 

(^) 



i + llVXr, 



\Aw n \\ LrL 2 + HVAXnlUllknlUfLg 



d(x n )\0-l 



— ^ as n oo. 



This completes the proof of (16.291) . 

Step 5: Constructing v n and approximation by functions. 



ENERGY-CRITICAL NLS OUTSIDE A CONVEX OBSTACLE 



Of) 



Using (pT25|) . (|6~26l) . and ([6729]) . and invoking the stability result Theorem 
for ra sufficiently large we obtain a global solution v n to NLSo with initial data 
v n (fi) = 0n which satisfies 

ll«n||i.w (Rxn) ^ 1 and lim limsup ||w n (* - \ 2 n t n ) - u„(*)|| <ji (Hxn) = 0. 

n— s-oo 

It remains to prove the approximation result (|6.23p . 

From the density of C^°(R x R 3 ) in X 1 (R x R 3 ), for any e > we can find 
tp e G C^°(R x R 3 ) such that 

1 1 Woo - "0£|!xl(RxR3) < I" 

Thus, to prove (|6.23j) it suffices to show 

(6.33) \\v n (t,x) - A„ 5 Woo(A,7 2 t, A^x - x„))||xi(R X R3) < I 

for n, T sufficiently large. A change of variables gives 

LHS Q6J33J < ||x„w n -u)oo|Ixi ([ _ TiT]x r 3) + ||e l(t_T)An "[x„w„(T)] - ||xi ((Ti0o)xm s) 

+ ||e l(t+T)A "" [ X nW n (-T)\ - Woo||x 1( (-oo,-T)xR3)- 

We estimate the contribution from each term separately. For the first term we use 
the monotone convergence theorem and (|6.24[) to see that 

||XnW„ — Woo||xl([_7yr] x R3) ^ 11(1 — Xn )w=o || x 1 (RxR 3 ) + \\ W n ~~ W tx) || x 1 (RxR 3 ) — ^ 0) 

as n — > oo. For the second term we use Strichartz to get 

ll e * * T)A " n [XnW n (T)] — Woo||xl(( T! oo)xR3) 
~ II U 'ooIIa' 1 ((T,oo)xR 3 ) + \\Xn[Woo{T) - W n (T)\ \\ jj i Qpjs) 

+ \\e^- T ^[ Xn w 00 (T)}\\ ximoo)) 

^ ll^oollxM^ooJxR 3 ) + \\ w oo(T) ~ U> n (T)||£ 1(R 3) + ||(1 - Xn)^oo(T)||^i (E3) 

+ U^'"^ - e^*- T ) A ][x„Woo(T)]|| il(RxR 3 ) + lle^+U^^^ 
+ — e _lTA Woo(7 1 )||f/-i(R3- ) — > as n — > oo and then T — > oo 

by Theorem l4.1[ f|6 . 24[) , the definition of the asymptotic state w+ , and the monotone 
convergence theorem. The third term can be treated analogously to the second 
term. 

This completes the proof of (|6.33|) and with it, the proof of Theorem 16.31 □ 

Our final result in this section treats the case when the obstacle expands to fill 
a halfspace (cf. Case 4 in Theorem 15. 6|) . 



Theorem 6.4 (Embedding NLS H into NLSn)- Let {t n } C R be such that t n = 
or t n ±oo. Let {A n } C 2 Z and {x n } C ft be such that 



A„ -> and -> rfoo > 0. 



-Let a;* € dfl be such that \x n — x* n \ = d{x n ) and let R n G 50(3) be such that 
R n S3 = • finally, let <j> G Hjj(M) and define 
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Then for n sufficiently large there exists a global solution v n to NLSq with initial 
data Un(0) = 4> n which satisfies 

IWIz^CRxn) < 1, 

with the implicit constant depending only on Furthermore, for every e > 

there exist N e £ N and tp e € (K x H) suc/i that for all n> N e we have 

(6.34) \\v n (t - A^„, R n x + x* n ) - A„ 5 \Jj £ (\~ 2 t, A~ 1 x)||^ 1(RxR3) < e. 

Proof. Again, the proof follows the outline of the proofs of Theorems 16.11 and 16.31 
Step 1: Constructing global solutions to NLSh. 

Let 9 := jj^. If t n = 0, let w n and be solutions to NLSg with initial data 
w n (0) — 4> <x -<> and Woo(0) = 4>- If *n - > ±oo, let w n and iUk, be solutions to NLSh 
that satisfy 

(6.35) \\w n {t) - e ItA ^< A -e ||^ (H) -> and !!«,«,(<) - e ItA ^IU MH) -> 0, 
as f — > ±oo. 

In all cases, [19] implies that w n and u>oo are global solutions and obey 

II^IU^RxH) + H^oollsHRxH) ~ 1' 

with the implicit constant depending only on ||</>||#i m. Indeed, we may interpret 
such solutions as solutions to NLSk3 that are odd under reflection in dM. Moreover, 
arguing as in the proof of Theorems 16.11 and 16.31 and using the stability result from 
[19] and the persistence of regularity result Lemma I2.11[ we have 



3.36) 



' U? <»lls 1 (RxBI) — 0, 

(-A H )^w„|| i oo L 2 (RxH ) < \n 6ik ~ 1] for fc = l,2,3. 



Step 2: Constructing approximate solutions to NLSq- 

Let 0„ := A^ 1 _R~ 1 (f2 — {x* n }) and let T > to be chosen later. On the middle 
time interval \t\ < A^T, we embed w n by using a boundary straightening diffeomor- 
phism ty n of a neighborhood of zero in 51„ of size L n :— A~ 2e into a corresponding 
neighborhood in EL 

To this end, we define a smooth function ip n on the set \x | < L n so that x i— > 
(x- 1 , —ipn^x- 1 )) traces out dfl„ . Here and below we write x £ M 3 as x = (x , X3). 
By our choice of R n , d£l n has unit normal es, at zero. Moreover, dQ n has curvatures 
that are 0(A n ). Thus, ip n satisfies the following: 



MO) = 0, w»n(0) = 0, |W>„(# X )| < A, 1 ,- 29 , 

\d a %jj n { x ^)\ £ Ak" 1 " 1 for all |a| > 2. 



(6.37) 

We now define the map \& n : Q„ n {lar 1 1 < L„} -> H and a cutoff x„ : M 3 — > [0, 1] 
via 

V n (x) := (x- L ,x 3 + ipn(x x )) and Xn(x) := 1 - 6(f^)- 
Note that on the domain of which contains suppxn, we have 
(6.38) |det(0tf„)| ~ 1 and |d* n | < 1. 
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We are now ready to define the approximate solution. Let w n :— XnW n and 
define 

( a; ^(a-^o^ka- 1 ^- 1 (*-<)), 1*1 < a»t, 

v n (t, x) := I e^-^ A «v n (\iT, x), t > X 2 n T, 

{e^+^ A -v n (-XlT,x), t<-\lT. 

We first prove that v n has finite scattering size. Indeed, by the Strichartz inequality, 
a change of variables, and (|6.38|) . 

IKIIlJOJRxO) ^ \\Wn ° *n||L t iO x (Rxf2„) + \\u>n{±T) o *n|liji (n n ) 
(6-39) < ll^nlLio^KxH) + ll*«( ±T )ll^(H) < L 

Step 3: In this step we prove asymptotic agreement of the initial data, namely, 

(6.40) lim limsup||(-A fl )ie i * A -[« n (A^ n ) - </>„]|| so = 0. 

We discuss two cases. If t n = 0, then by Strichartz and a change of variables, 
ll(-An)^-«^(0)-^]|| itiOL|g(Rxfi) 

^ ll(Xn^< A -«) ° *n - 0|| jji,(n„) 

< l|V[(Xn^ >A -0 o 9 n ]\\ Li + \M( X n<f>) ° *n - Xn0]|U» + l|V[(l - Xn)0]|U»- 
As A„ — >• we have ||V</> >A -e||x,2 — > as n — > oo; thus, using (|6.38p we see that 
the first term converges to 0. For the second term, we note that ^ n (x) — > x in C 1 ; 
thus, approximating </> by C£°(H) functions we see that the second term converges 
to 0. Finally, by the dominated convergence theorem and L n = A~ 2e — > oo, the 
last term converges to 0. 

It remains to prove (|6.40p when t n — > +oo; the case when t n — > — oo can be 
treated similarly. Note that as T > is fixed, for n sufficiently large we have 
t n > T and so 

v n (Xlt n ,x) = e^- T ^ A -[\nHw n (T) o ^(X^R-^x - <))]. 
Thus, a change of variables gives 

IK-Aojie^ lM^n)-<P n ]\\ Ll0L % {Rxn) 

(6.41) < \\(-A Qn )i[w n {T) o - Woo {T)}\\ L 2 

(6.42) + U-^[e^^^(T)-^^^^ y 
Using the triangle inequality, 

< ll(-AnJ*[(Xn«>ooCr)) ° *« - ^co(T)]|| L 2 

+ ||(-A n ji[(x„K(T) - Woo (T))) o tf n ]|| Li , 

which converges to zero as n — > oo by (|6.36[) and the the fact that ^ n (x) — > x in 
C 1 . Using Strichartz, Lemma T3.71 Theorem 14. 11 and (|6.35[) . we see that 

(«<|| e i(t - T)A ^(-A H )^ 00 (T)-e^(-A H )^|! so 

+ ||[(-AnJ* - (-& m )?] Woo (T)\\ Ll + ||[(-A n J* - (-A m )i}<j>\\ Ll 



< \\U(t-T)Aa n _ e i(t-T)A E] ,_ A a (T) ,| 

~ 111 JV y v ;il z,;°iP(Rxo ra ) 
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+ ||[e ltA "" -e' itAE l(-A H )50|| 

+ ||e- 4TA ^oo(T)-0||^ (H) + O (l), 

and that this converges to zero by first taking n — > oo and then T — > oo. 

Step 4: In this step we prove that v n is an approximate solution to NLSji in 
the sense that 

(6.43) lim limsup \\(-An)i[(id t + Aa)v n - \vn\ 4 v n ]\\^ am a) = 0. 

We first control the contribution of \t\ > A„T. As seen previously, this reduces to 
proving 

(6.44) lim limsup ||e i ^ _A " T ^ An 5 n (A^T)|| i io ((A 2 T , oo)x0 ) = 0. 

T-s-oo n-yoo ■ 

and the analogous estimate in the opposite time direction, which follows similarly. 

Let W+ denote the forward asymptotic state of u>oo- Using Strichartz, our earlier 
estimate on (|6.41l) , and the monotone convergence theorem, we see that 

ll^ ( *- A " r)A ^„(A^T)|| iX((A , Ti00)xn) 

= \\e^- T ^[w n (T) o $ n ]|| £ „ (( T,oc)xn„) 

< ||e^*- T ) A -"[e lTA ^ + ]L- ( (T,oo)xn„) + lh=o(T) - e* TA ^ + ||^ (H) 

+ \\w n (T) o * n - Woo (T) || jj^^) 

< || [e ^(*^)Ao„ _ e .( t -T)A H][e .TA Hu;+]|| ^ ((o>oo)xf2w) 

+ ||e 4 * A « W+ || i i ;U(Ti0o)xH) +o(I) 

and that this converges to zero by Theorem 14.11 and the monotone convergence 
theorem by first taking n — > oo and then T — > oo. Thus (|6.44[) is proved. 

Next we control the contribution of the middle time interval < A^T} to 
(16.431) . We compute 

A{w n o * n ) = (d k w n o *„)A*£ + (d kl w n o ^a^a,-^, 

where \t„ denotes the fcth component of ^ n and repeated indices are summed. As 
^ n (x) — x + (0, ^p n (x ± )), we have 

a** = o{d 2 4> n ), d,¥ n = 6^ + o(svg, 

where we use O to denote a collection of similar terms. For example, 0(dip n ) 
contains terms of the form Cjd Xj ip n for some constants Cj € R, which may depend 
on the indices k and / appearing on the left-hand side. Therefore, 

(3 k w n o ¥ n )Atf* = 0((dw n o tf n )(0V„)), 

(a fe ^„ o iga^^ = A?D n o * n + o{(d 2 w n o *„) (av>„ + (a^„) 2 )) 

and so 

(iSt + A n J(w n o * n ) - (|w n | 4 w„) o * n 

= [(i^t + A H )u>„ - |w„| 4 w„] o 
+ 0((dw n o * n )(9> n )) + 0((d 2 w n o * n ) (a^„ + (diPn) 2 )). 
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By a change of variables and (|6.38j) , we get 

||(-Afi)s[(i3t + A n )v n - \v n \ 4 Vn]\\LiLi{(\t\<\iT)xn) 

= ||(-An„) 3 [{id t + A n J(i2„ o * n ) - (|w„| 4 w„) o *„]|| L i L 2 (( | t |< T)x0ji) 
< ||(-An„) 5 [((i^ + A H )w)„ - |u>„| 4 w„) o #n]|Ui£2([-r,T]xn n ) 

+ \\(-Aa n )?[(dw n ° *n)dVn]||LiL2([-T,T]xn„) 

+ ||(-A n j4 [(a 2 ^„ o M>„)(^„ + (fli) 1 )] L |ii([ _ T)T]xn „ ) 

(6.45) < \\V[(id t + A m )w n - \w n \ 4 w n ]\\ L i L 2 {[ _ T>T]xVCj 

(6.46) + \\V[(dw n o ^n)d 2 ip n }\\ L i L 2j [ ^ TT]xnn) 

(6.47) + ||V[(<9 2 u;„ o *„)(ch/>„ + (9V«) 2 )] || L i L , ( [_ T , T]x n n )' 

Using (|6.36p . (|6 . 3T[) . and (|6 . 38[) . we can control the last two terms as follows: 

(|6-46|) < ||(5w„ o^„)c» 3 ^ n || L i L 2 ([ _ TiT]xf2ri) + \\{d 2 w n o^ n )d^ n d 2 ip n \\ L i L 2 {[ _ T ^ T]xnn) 

< TX 2 n \\Vw n \\ LrLl + TX n \\d 2 w n \\ LrL 2 

<T\ 2 n [\\V X n\\Ll\\Wn\\L?Ll + \\Vw n \\ L ~ Ll ] 

+ TA„[||9 2 Xn||L3||u; n || L oo i 6 + ||VXn||L~||Vw„|| Lt oc L 2 + \\d 2 w n \\ LrL 2] 

< TA 2 +TX n [L- 1 + \- e ] -> as n -> oo 
and similarly, 

613 < ||(5 2 w„o* n )(a 2 Vn + ^„aVn)||iiz,|([-T,T] X n n ) 

+ ||(9 3 W„ O #„)[0# w (0^ + Wn) 2 )]||LiL2 ([ _ T:T]xnri) 

< T[A„ + A 2 - 2e ]||9 2 u;„|| LrL 2 + T[Ai- 2e + X 2 n -^]\\d 3 w n \\ LrL 2 

< TA n [L- x + A- e ] + rAj t - 2e [||5 3 x n || i 3||^„|U riS + ||5 2 x „|| Lr || V^ n || L 2 
+ ||VxIU«||0V|Ufz» + ||3 3 u; n || irL 2] 

< TA^L- 1 + A" 6 ] + TA, 1 ,- 28 [L- 2 + L~ 1 A~ 61 + A,; 2e ] ^ as n ^ oo. 
Finally, we consider (|6.45[) . A direct computation gives 

(id t + A M )w n - \w n \ 4 W n = (Xn - Xn)\ W n\ 4 Wn + 2V% n • Vw n + Ax n W n . 

We then bound each term as follows: 

||V(AXnWn)|UjZ,i([-T,T]xH) < r[||9 3 Xn|U||kn|Uf L% + II d 2 Xn || L~ || Vw„ || L oo L 2 ] 

< TL~ 2 -> as n -> oo 

||V(Vx„ • Vw„)||L t 1 L2([-T,T]xH) ^ r[||9 2 x„||z,«.||Vu; n || L? o i 2 + ||Vx n || L oo||0 2 W„|| LrL 2] 

< T[L- 2 + L^X- } as n -> oo. 
Finally, for the first term, we have 

l|V[(Xn — Xn)l u; n| 4w n]lljV°([-T,T]xH) 

SA\{\n — Xt)\ w n\ A ^W n \\ 10 + II |w„| J VYnl 5 30 

~ IIVAn AnU n| ""i^([-T,T]xH) ' A n "i?L#([-T,T]xH) 

^ lknl|x|~i n lliio ||Vu; n || m + ||Vx„|| L 3||w„l| xHLj J| 4 ioJ|Vu;„|| s 30 
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< l|l|a;|~L„Woo||iio + \\Woo ~ U>n||ii0 -» as n -» 00. 

This completes the proof of ()6.43|) . 

Step 5: Constructing u„ and approximating by functions. 

Using (|Q9"|l . (|6~4T)j) . and and invoking the stability result Theorem[2j3 for 

n large enough we obtain a global solution u n to NLS^ with initial data v n (0) = </>„ 
and 

ll u ™||L t 10 x (Rxn) ^ 1- 

Moreover, 

(6.48) lim limsup \\v n (t - X 2 n t n ) - v n (t)\\g 1{MxQ) = 0. 

It remains to prove the approximation result (|6.34[) . By the density of (R x H) 
in i ] (lxl), for every e > there exists ip e e C^°(R x H) such that 

\\Woo - ^ellxi(RxH) < f ■ 

This together with (|6.48j) reduce matters to showing 

(6.49) \\v n {t,x) - Xn^WooiX^^X^R^ix - x* n ))\\^ 1(RxR3) < § 
for n, T sufficiently large. A change of variables shows that 

LHSJOSJ < \\w n o - Woo || ji:1([ _ TiT]xR 3 ) 

+ \\ e Ht-T)A nn (?J)ji(T) Q _ Woo ||^ 1((T oo)xR3) 

+ ||e*( t+T > A "" (W n (-T) o * n ) - «;oo|| J t 1 ((-oo,-T)xR»)- 

The first term can be controlled as follows: 

\\w n o ty n — Woo|lxi([_T,T]xR 3 ) ~ II (X« w oo) ° — w oo || x 1 ([-T,T] xl 3 ) 

+ ||[?CnO„ - Woo)] ° *«|lxi([-T,T]xB3)' 

which converges to zero as n — > oo by (|6.36p and the fact that ^ n (x) — > x in C 1 . 
Similarly, we can use the Strichartz inequality to replace w n (T) o \t„ by u>oo(T) 
in the second term by making a o(l) error as n — > oo. Then we can use the 
convergence of propagators result Theorem 14. II to replace e l ^ t ~ T ^ nn by e^ t_T ' AfI 
with an additional o(l) error. It then suffices to show 

||e l(t - T)A ^oo(T)- Woo || xl((Too)xR3) ^0 as T -> oo, 

which follows from the fact that scatters forward in time, just as in the proofs 
of Theorem l6. II and 16.31 The treatment of the third term is similar. This completes 
the proof of (|6.34p and so the proof of Theorem 16.41 □ 

7. Palais-Smale and the proof of Theorem 11.31 

In this section we prove a Palais-Smale condition for minimizing sequences of 
blowup solutions to This will allow us to conclude that failure of Theorem ll.3l 

would imply the existence of special counterexamples that are almost periodic. At 
the end of this section, we rule out these almost periodic solutions by employing a 
spatially truncated (one- particle) Morawetz inequality in the style of [8] . This will 
complete the proof of Theorem ll.3l 

We first define operators T-{ on general functions of spacetime. These act on 
linear solutions in a manner corresponding to the action of G J n exp{zt^A f2J } on 
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initial data in Theorem 15.61 As in that theorem, the exact definition depends on 
the case to which the index j conforms. In Cases 1,2, and 3, we define 

(Tjj/Xi, x) := (\i)-?f((\iT 2 t + 4 (\iy\x - xi)). 
In Case 4, we define 

{TU){t,x) ■.= (xirifdxiyh+tKxir^RirHx- (<)*))• 

Here, the parameters A£, t^, cc^, (a^)*, and i?^ are as defined in Theorem l5.6l Using 
the asymptotic orthogonality condition (|5.29p , it is not hard to prove the following 

Lemma 7.1 (Asymptotic decoupling). Suppose that the parameters associated to 
j,k are orthogonal in the sense of (|5.29[) . Then for any ip^tp 6 C^°(M. x M 3 ), 

II WT„Vll^( R x R 3) + II WV(T„V)ll^ (RxR3) + l|V(^^)V(T„V fc )ll ii(KxR3) 

converges to zero as n — > oo. 

Proof. From a change of variables, we get 

\\T^T^ k \\ Lti + ||r^'v(T n V fc )|| 5 + ||v(r^')v(r„ fe ^)|| , 

= ii^^r^^lL^ + ll^v^i)- 1 ^!! 5 + Hv^'vcr^-^VIL § , 

where all spacetime norms are over RxR 3 . Depending on the cases to which j and 
k conform, (T^) _1 T^ takes one of the following forms: 

• Case a): j and k each conform to one of Cases 1, 2, or 3. 

• Case b): j conforms to Case 1, 2, or 3 and k conforms to Case 4. 

= (|)V((§) 2 (*- ^^ 

• Case c): j conforms to Case 4 and fc to Case 1, 2, or 3. 

vt^tw^x) = (t) V((t)V t " (A -;^ (A " )2 ). ^F))- 

• Case d): Both j and fc conform to Case 4. 

[(r^xvm*) 
- (f)V((t)V 

We only present the details for decoupling in the L\ x norm; the argument for 
decoupling in the other norms is very similar. 

We first assume jf- + -rf- — > oo. Using Holder and a change of variables, we 
estimate 

<min|(^|) ",(^|) 5 |^0 as n -> oo. 
Henceforth, we may assume jjt — > Aq <G (0, oo). 
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If ^"^"^ A *," ( ' A "" > ' — > oo, it is easy to see that the temporal supports of tjp and 
(T^) _1 T^7/; fc are disjoint for n sufficiently large. Hence 

lim U\T^T^ k \\ L , x =Q. 

The only case left is when 

7.1 Tf- -> An, " ' f ^ h, and ' ? . "' — > oo. 

A « A£A?, a/a^a^ 

In this case we will verify that the spatial supports of ip J and (T^) T„ip are 
disjoint for n sufficiently large. Indeed, in Case a), 

", ; " = ',' . " \ — f — > oo as n — > oo . 
Ai v^i^ V A " 

In Case b), for n sufficiently large we have 

K-o^n > _ \<-(.<Y\ > _ 

A 3 „ - \l \l - \l Aq ' 

which converges to infinity as n — > oo. In Case c), for n sufficiently large we have 

\«r-<\ > _ \<-«r\ > \<-<\ _ m 

aI - aI - \£ za °°' 

which converges to infinity as n — > oo. Finally, in Case d) for n sufficiently large, 
IK)'-^)'! > _ K -(<)*! _ > K-^l _ m _ 

A J „ - Ai Ai Ai - Ai °° A ' 

which converges to infinity as n — > oo. Thus, in all cases, 

lim W{Ti)- l TW\\ L * =0. 

n— too z * x 

This completes the proof of the lemma. □ 

Theorem 11.31 claims that for any initial data uq € 7j]}(f2) there is a global 
solution u : M x 57 — s- C to (jl.ll) with S'h(u) < C(||wo||jji (S7)) - R- ecan that for a time 
interval J, the scattering size of u on / is given by 

5/(tt) = // |u(i,a;)| 10 da;di. 

Supposing that Theorem 11.31 failed, there would be a critical energy < E c < oo 
so that 

(7.2) L(£) < oo for E < E c and L(E) = oo for E > E c . 

Recall from the introduction that L(E) is the supremum of Si(u) over all solutions 
u : I x £1 — » C with -E(u) < S and defined on any interval I CI 

The positivity of E c follows from small data global well-posedness. Indeed, the 
argument proves the stronger statement 

(7.3) IMIxifRxn) ~ £"( u o) 5 for all data with E(u Q ) < rjo, 

where 770 denotes the small data threshold. Recall X 1 — L\° x n L^H 1 '^ . 

Using the induction on energy argument together with (|7.2p and the stability 
result Theorem 12.91 we now prove a compactness result for optimizing sequences of 
blowup solutions. 
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Proposition 7.2 (Palais-Smale condition). Let u n : I n X £1 — > C be a sequence of 
solutions with E(u n ) — > E c , for which there is a sequence of times t n G /„ so that 

lim S >tn (u n ) = lim S <tn {u n ) = oo. 

n— foo n— ^oo 

TTien f/ie sequence u n (t n ) has a subsequence that converges strongly in HhfQ). 

Proof. Using the time translation symmetry of we may take t n = for all n; 

thus, 

(7.4) lim S>o(u n ) = lim S<o(u n ) = oo. 

Applying Theorem 15.61 to the bounded sequence u n (0) in Hjj(Q) and passing to a 
subsequence if necessary, we obtain the linear profile decomposition 

j 

(7.5) u n (0) = J2<H + ™i 

with the properties stated in that theorem. In particular, for any finite < J < J* 
we have the energy decoupling condition 

J 

(7.6) lim \E(u n ) - - E ( w 'n)} = 0- 

i=i 

To prove the proposition, we need to show that J* = 1, that — >■ in Hp(VL), 
that the only profile 0* conforms to Case 1, and that = 0. All other possibilities 
will be shown to contradict (|7.4j) . We discuss two scenarios: 

Scenario I: sup^ limsup,^^ E(cj) J n ) = E c . 

From the non-triviality of the profiles, we have liminfn^oo -E(</>£) > for every 
finite 1 < j < J*; indeed, ||</>£||jji(n) converges to ||<^||jji- Thus, passing to a 
subsequence, (|7.6p implies that there is a single profile in the decomposition (|7.5[) 
(that is, J* = 1) and we can write 

(7.7) u„(0) = 4> n + w n with lim ||tu n ||jji ( ) = 0. 

If 4> n conforms to Cases 2, 3, or 4, then by the Theorems 16 . 1[ l6~3l or l6.4[ there are 
global solutions v n to NLSo, with data v n (0) = 4> n that admit a uniform spacetime 
bound. By Theorem 12. 9[ this spacetime bound extends to the solutions u n for 
n large enough. However, this contradicts (|7.4[) . Therefore, <j> n must conform to 
Case 1 and (|7.7[) becomes 

(7.8) Un(Q) = e u " X " An c/) + w n with lm^ |K||^ (n) = 

and t n = or t n — ¥ ±oo. If t n = 0, then we obtain the desired compactness. Thus, 
we only need to preclude that t n — > ±oo. 

Let us suppose t n — > oo; the case t n — » — oo can be treated symmetrically. In 
this case, the Strichartz inequality and the monotone convergence theorem yield 

S'>o(e itA "it„(0)) = 5> (e i ( t+t " A ^ An (/. + e itAn w n ) ^ as n -> oo. 

By the small data theory, this implies that S>o(u n ) — > 0, which contradicts (|7.4[) . 

Scenario 2: sup^ limsup,^^ E{(fP n ) < E c — 25 for some 8 > 0. 

We first observe that for each finite J < J* we have E{<j^) < E c — 5 for all 1 < 
j < J and n sufficiently large. This is important for constructing global nonlinear 
profiles for j conforming to Case 1, via the induction on energy hypothesis (|7.2j) . 
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If j conforms to Case 1 and t J n = 0, we define v 3 : P x £1 — > C to be the maximal- 
lifespan solution to with initial data ^(O) = cjp . If instead P n — > ±oo, we 

define v 3 : P x i7 —> C to be the maximal-lifespan solution to (jl.ip which scatters 
to e ltAs V as t -> ±oo. Now define iP n (t,x) := + P n (X{) 2 ,x). Then u£ is also 
a solution to (11.11) on the time interval P n :— P — {t 3 n (X 3 n ) 2 }- In particular, for n 
sufficiently large we have G P n and 

(7-9) Urn ||<(0) - ^||*i (n) = 0. 

n— too D\ ' 

Combining this with E(cjP n ) < E c — 5 and (|7.2[) . we deduce that for n sufficiently 
large, v 3 n (and also v 3 ) are global solutions that obey 

S M (v j ) = S M (v 3 n )<L(E c -5) <oo. 

Combining this with the Strichartz inequality shows that all Strichartz norms of 
v 3 n are finite and, in particular, the X 1 norm. This allows us to approximate v 3 n 
in x £1) by C^°(E x R 3 ) functions. More precisely, for any e > there exist 

AT| e N and tp 3 eC^lxl 3 ) so that for n > N 3 we have 

(7-io) ||< - r^|lxi(RxR3) < £ - 

Speciffically, choosing G C^°(K x R 3 ) such that 

w** -fteWfrpx**) <i> weset : = (*4)*$((*4) 2 *> 

When j conforms to Cases 2, 3, or 4, we apply the nonlinear embedding the- 
orems of the previous section to construct the nonlinear profiles. More precisely, 
let v 3 n be the global solutions to NLSn constructed in Theorems 16 . 1 1 16731 or 16.41 as 
appropriate. In particular, these v 3 n also obey (|7.10p and sup n • S^{v 3 n ) < oo. 

In all cases, we may use (I7.3[) together with our bounds on the spacetime norms 
of v 3 n and the finiteness of E c to deduce 

(7-11) IKIIx^xQ) <E C ,S E(^ < Ec , S 1. 

Combining this with (|7.6p we deduce 

J J 
(7.12) limsup^ IKI&imxm £e c ,6 limsup^ <_b c , 5 1, 

uniformly for finite J < J* . 

The asymptotic orthogonality condition (|5 .29[) gives rise to asymptotic decou- 
pling of the nonlinear profiles. 

Lemma 7.3 (Decoupling of nonlinear profiles). For j ^ k we have 

lira |k^|| L?i( R Xn) + |kV^|| 5 + ||Vv*Vi£|| j 16 =0. 

n->oo ' L ( 2 x (ExO) L 2 L^ 1 (lx!l) 

Proof. Recall that for any e > there exist iV e G N and ip 3 ,ip k G C<?°(R x I 3 ) so 
that 

Ik ~~ ^n^ellx^RxR 3 ) + \\v n — ^"n "0^ II X 1 (RxR 3 ) < e - 

Thus, using (|7.11l) and Lemma 17711 we get 

Ik^lk* < MM-TM)h* + \\{vi-Ti4)T^ k e \\ L s+ \\T^4T^ k e \\ Lf 



< ll<ll^x||^ - + 1|< - t^h^ii^II^ + lir^'r^iU!, 
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^E C ,S £ + o(l) as n — > 00. 

As e > was arbitrary, this proves the first asymptotic decoupling statement. 

The second decoupling statement follows analogously. For the third assertion, 
a little care has to be used to estimate the error terms, due to the asymmetry of 
the spacetime norm and to the restrictions placed by Theorem 12. 31 Using the same 
argument as above and interpolation, we estimate 

||V<V^|| 5 if < ||V<(Vv*-VI*V£)IL +||(V<-VT^)VT n Ve fe |L| r if 

L t L x L ± hj. L> t L/ x 

+ ||vr^vT„V £ fc |l i | i | ? 
<e c ,s £ + WVT&i VT„V £ fe || f 4 ||vr^ £ vT r k ;^\\i , 

L 3 t x 

t,x 

<E^e+\\WT^lWT^ k £ \\^ HV^IlillV^lli 

j 3 x as 

^e c .s £ + o(l) as n — > 00, 

where we used Lemma l7.1l in the last step. As e > was arbitrary, this proves the 
last decoupling statement. □ 

As a consequence of this decoupling we can bound the sum of the nonlinear 
profiles in X , as follows: 
J 

(7.13) limsup u n . Se c ,s 1 uniformly for finite J < J*. 

J = l 

Indeed, by Young's inequality, (|7.11|) . f)7. 12[) . and Lemma E31 

3=1 3=1 j^JJRxn 

<e c ,si + j s Y,\\<<\\liM\\1™ 

<e c ,s 1 + ^ 8 °(1) as n — > °°- 

Similarly, 

||E v <|[ 5i w = |(E v ^)lLi^-E ||Vw « ll kff +Eii v ^n L i L if 

^e ,s 1 + o(l) as n —> 00. 

This completes the proof of (|7.13l) . The same argument combined with (|7.6I) shows 
that given r\ > 0, there exists J' = J'(t]) such that 

J 

(7.14) limsup > u£ < V uniformly in J > J'. 

Now we are ready to construct an approximate solution to NLSq. For each n 
and J, we define 

J 

3=1 
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Obviously u J n is denned globally in time. In order to apply Theorem l2.9| it suffices 
to verify the following three claims for w 7 {: 

Claim 1: ||u;{(0) — Mn(0)|| ji ^ —> as n — > oo for any J. 

Claim 2: limsup n _ > . 0O ||««||xi(Kx£2) ~-E c ,« 1 uniformly in J. 

Claim 3: lim^oo limsup^^ \\(id t + A n )u^ - K| 4 ^||jvi(Rxn) = °- 

The three claims imply that for sufficiently large n and J, u J n is an approximate 
solution to Ijl.ip with hnite scattering size, which asymptotically matches u n (0) at 
time t = 0. Using the stability result Theorem 12.91 we see that for n, J sufficiently 
large, the solution u n inheritqj the spacetime bounds of u^, thus contradicting (|7.4|) . 
Therefore, to complete the treatment of the second scenario, it suffices to verify the 
three claims above. 

The first claim follows trivially from (|7.5p and (I7.9[) . To derive the second claim, 
we use (|7.13l) and the Strichartz inequality, as follows: 

J 

limSUp||w^|jx 1(Rxf2) - UmSU P E W « Lw ro n + limSU Pll W »ll77i (O) %E e ,6 1. 



i=i 



Next we verify the third claim. Adopting the notation F(z) — \z\ A z, a direct 
computation gives 

J 

(id t + A n )ui - F{u J n ) = J2 FK) ~ HO 

3=1 

J / J 



(7.15) 



3=1 V 3=l J 



itAo w J 



Taking the derivative, we estimate 



3=1 



3 = 1 



and hence, using (|7.1ip and Lemma \7. 31 



\7 = 1 \?'=1 



<7EII Vv >™ILi [n^iii- - 

1^j.E a .s o(l) as n — > 00. 

Thus, using the equivalence of Sobolev spaces Theorem 12.31 we obtain 

7 / 7 



(7.16) 



lim limsup 

J— too n— too 



j=l \/=i / JV^fRxn) 

We now turn to estimating the second difference in (|7.15l) . We will show 
(7.17) 



lim hmsup||F(^ - e lt ^w J n ) - F(ui)\\^ = 0. 

J— too n—j-oo v ' 



4n fact, we obtain a nonlinear profile decomposition for the sequence of solutions u n with an 
10 

t,x ' 



error that goes to zero in L 10 
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By the equivalence of Sobolev spaces, it suffices to estimate the usual gradient of 
the difference in dual Strichartz spaces. Taking the derivative, we get 

3 



\V{F(u J n - e^w J n ) - F{u J n )}\ < \Vu J n \\u J n \ k \e itA °i 



,J|4-fc 



k=Q 



£iv< 

fe=0 



itA n„,,J \\„J \k\JtAn nl} J \4-k 



Using Holder and the second claim, we obtain 



fe=0 



fe=0 



it An Jn4-fc 
w n Wl 10 



< 



E C .S 



Ei 

k=0 



which converges to zero as n, J —> oo by (|5.25|) . The same argument gives 

3 

lim hmsup^|||V e ltA "^||^| fc |e ltA "^| 4 - fc || § m = 0. 

k—0 

This leaves us to prove 
(7.18) lim limsup|||Ve l * Af! w^||M^| 4 || io = 0. 

,7-S-oo n^oo L t ^ 

Using Holder, the second claim, Theorem l2.3[ and the Strichartz inequality, we get 

ll|Ve ltA "^||^| 4 || ¥ <||^V e ltA "^|| 5 KHijo 

J 

. v fAn 7r-r ifAn T II I I' 

-,E a ,s e 



J= i 

< Ec .s\\e UA "wi\\f 10 \\e UA -wi\\% ||Ve itA «^|l 



|E< Ve 



ltAa wl 



< 



e c ,6 ||e ltA "^||^ + ||E< VeltA " 



3 = 1 



By (|5.25l) . the contribution of the first term to (|7. 18|) is acceptable. We now turn 
to the second term. 
By GH, 

j 



.7 



JtA n J 



5 

Lr , 



lim sup ( y. v ny^ e 

where 77 > is arbitrary and J' = J' (77) is as in (|7.14[) . Thus, proving (|7.18[) reduces 
to showing 

(7.19) lim limsup || w^Ve itAn w^ || 5 =0 for each 1 < j < j' . 
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To this end, fix 1 < j < J'. Let £>0,^eC c °°(lx R 3 ) be as in (001) . and let 
R,T > be such that is supported in the cylinder [-T,T] x {\x\ < R}. Then 

supp(T^) C [(A?J 2 (-T - <£), (Xi) 2 (T - £)] x {\x - xU < X° n R} 

and llT^lUx,^ < (A^) — i || II ■ If j conforms to Case 4, then x 3 n above should 
be replaced by (x 3 n )*. Thus, using Corollary 12 . 141 we deduce that 

||(T^)Ve rfA "^|| L | ^T^JiAll^lli-Jle^^ll^Jl^llf,^ 

Combining this with (|7.10j) and using Theorem 12.31 and Strichartz, we deduce that 
KVe itA ^|| f < k-r^ll^llVe^^L^Ba +C(4,E c )\\e itA -w J n m 

<eE c + C(r e ,E c )\\e itA -wi\\f a . 

Using (|5.25[) we get LHS (|7.19|) < Ea e. As e > was arbitrary, this proves (|7.19j) . 

This completes the proof of (|7.18|) and with it, the proof of (|7.17|) . Combining 
(|7.16|) and f)T. 1 7[) yields the third claim. This completes the treatment of the second 
scenario and so the proof of the proposition. □ 

As an immediate consequence of the Palais-Smale condition, we obtain that the 
failure of Theorem 11.31 implies the existence of almost periodic counterexamples: 



Theorem 7.4 (Existence of almost periodic solutions). Suppose Theorem ] 1.3\ fails 
to be true. Then there exist a critical energy < E c < oo and a global solution u 
to (|1.1[) with E(u) = E c , which blows up in both time directions in the sense that 

S>o{u) = S< (u) = oo, 

and whose orbit {u(t) : t £ R} is precompact in Hp(Q). Moreover, there exists 
R > so that 

(7.20) / \u(t, x)\ 6 dx>l uniformly for t £ M. 

Jnn{\x\<R} 



Proof. If Theorem l 1 . 3l fails to be true, there must exist a critical energy < E c < oo 
and a sequence of solutions u n : I n x ft —> C such that E(u n ) —> E c and Si n (u n ) —> 
oo. Let t n £ I n be such that S>t n (u n ) = S<t n (u n ) = ^Si n (u n ); then 

(7.21) lim S> tn (u n ) = lim S<t„(u n ) = oo. 

n— foo n— foo 

Applying Proposition 17.21 and passing to a subsequence, we find (f> £ Hp(Q,) such 
that u n {t n ) — > 4> in Hjj(fl). In particular, E{4>) = E c . We take u : / x O — > C 
to be the maximal-lifespan solution to (jl.ljl with initial data w(0) = </>. From the 
stability result Theorem 12.91 and (|7.21[) . we get 

(7.22) S> {u) = S< Q {u) =oo. 

Next we prove that the orbit of u is precompact in Hp(Q). For any sequence 
{t' n } C /, ([7T22]) implies S> t > n (u) = S< t > n (u) = oo. Thus by Proposition 1731 we 
see that u(t' n ) admits a subsequence that converges strongly in H^Sl). Therefore, 
{u(t) : t £ R} is precompact in £T^(f2). 
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We now show that the solution u is global in time. We argue by contradiction; 
suppose, for example, that sup / < oo. Let t n — > sup/. Invoking Proposition 17.21 
and passing to a subsequence, we find 4> £ Hp({Y) such that u(t n ) — > (f> in Z/^,(f2). 
From the local theory, there exist T = T(<f>) > and a unique solution v : [-T, T] x 
fl — > C to (jl.ljl with initial data v(0) — cf> such that S[^t,t]V < oo. By the 
stability result Theorem 12.91 for n sufficiently large we find a unique solution u n : 
[t n — T, t n +T]x£l — >• C to (jl.ll) with data u n (t n ) = u(t n ) and -S^-T.tn+Tj^n) < oo. 
From uniqueness of solutions to we must have u n = u. Thus taking n 

sufficiently large, we see that u can be extended beyond sup /, which contradicts 
the fact that / is the maximal lifespan of u. 

Finally, we prove the uniform lower bound (|7.20p . We again argue by contradic- 
tion. Suppose there exist sequences R n — > oo and {t n } C K along which 

\u(t n , x)\ 6 dx -> 0. 

nn{\x\<R n } 

Passing to a subsequence, we find u(t n ) — > in //^(fi) for some non-zero <f> £ 
//^(O). Note that if <j> were zero, then the solution u would have energy less than 
the small data threshold, which would contradict (|7.22[) . By Sobolcv embedding, 
u(t n ) — > 4> in L 6 , and since R n — > oo, 

\(f>(x)\ 6 dx = lim / \4>{x)\ 6 dx = lim / \u(t n , x)\ 6 dx = 0. 

in n_Hx) Jnn{|x|<R„} n ^°° Jnn{|x|<fl„} 

This contradicts the fact that 0^0 and completes the proof of the theorem. □ 

Finally, we are able to prove the main theorem. 

Proof of Theorem \1.3[ We argue by contradiction. Suppose Theorem II .31 fails. By 
Theorem l7.4[ there exists a minimal energy blowup solution u that is global in time, 
whose orbit is precompact in //^(fi), and that satisfies 

/ \u(t, x)\ 6 dx > 1 uniformly for t £ M 

Jnn{\x\<R} 

for some large R > 1. Integrating over a time interval of length |/| > 1, we obtain 

!/!<*// ^ld x dt< R [f M^$l dxdt . 



1 1 J nn{\x\<R} Fl Ji Jnn{\x\<R.\i\2} \x\ 

On the other hand, for /?|/|^ > 1, the Morawetz inequality Lemma \2. 121 gives 



dxdt < R\I\t , 

i Jnn{\x\<R\i\$} \ x \ 

with the implicit constant depending only on E(u) = E c . 

Taking / sufficiently large depending on R and E c (which is possible since u is 
global in time) , we derive a contradiction. This completes the proof of Theorem ll.3l 

□ 
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